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This paper is the fourth in a series relating the lattice vibrational properties to the thermodynamic 
properties of minerals. The temperature dependence of the harmonic lattice heat capacity is calculated 
from a model which uses only elastic, crystallographic, and spectroscopic data for the following minerals: 
calcite, zircon, forsterite, grossular, pyrope, almandine, spessartine, andradite, kyanite, andalusite, sil- 
limanite, clinoenstatite, orthoenstatite, jadeite, diopside, tremolite, talc, and muscovite. The heat capaci- 
ties of these minerals reflect structural and compositional differences. The 'excess' entropy of pyrope• 
compared with that of grossular--is shown to arise from low-frequency optic modes of vibration. The 
entropy differences between kyanite, andalusite, and sillimanite are well reproduced by the model, al- 
though the absolute values calculated are systematically about 3% high. Model values of the heat capac- 
ity and entropy are compared with experimental values at 298.15, 700, and 1000øK for the 32 minerals 
included in papers 1-4 of this series. The average deviation of the entropies at 298øK from well-deter- 
mined calorimetric values is :!: 1.5%. A method is given for obtaining greater accuracy in the model ther- 
modynamic functions by fitting one parameter to experimental data when partial calorimetric data (such 
as the heat capacity at a single temperature in the range 50-100øK) are available; such a method should 
permit accurate extrapolation of calorimetric data beyond the range of experiment. 
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1. INTRODUCTION 

This is paper 4 of a series of papers in which a generalized 
model of lattice vibrations for complex minerals is developed 
and applied to give the temperature dependence of the har- 
monic contribution to the thermodynamic functions for 32 
minerals (see the papers by Kieffer [1979a, b, c], referred to as 
papers 1, 2, and 3). In paper 3 of this series the model was ap- 
plied to some simple minerals and framework silicates; in this 
paper it is applied to some chain and sheet silicates and ortho- 
silicates and to calcite. The minerals examined were selected 

for detailed discussion to illustrate the strong relationships be- 
tween mineral composition and structure and elastic, spectral, 
and thermodynamic properties. At the risk of wearying the 
reader with details these parameters are discussed for each 
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mineral rather than listed in a summary table, because the au- 
thor feels it necessary to emphasize the interrelationships 
amongst the various physical properties influencing the ther- 
modynamic properties. The study of the temperature depen- 
dence of the thermodynamic functions presented in papers 1- 
4 is concluded in this paper. The thermodynamic quantities 
discussed here are the heat capacity at constant volume, C•*, 
and the entropy $*. (The asterisk indicates quantities normal- 
ized to the monatomic equivalent, that is, quantities per mole 
divided by the number of atoms per formula unit; strictly 
speaking, these quantities should be referred to as per mean 
atomic weight, but for brevity they are denoted as per mole in 
the text. These molar quantities should not be confused with 
the standard state functions conventionally denoted by the su- 
perscript zero.) The tabulated values are the harmonic contri- 
bution to the thermodynamic functions; estimates of the an- 
harmonic correction which must be added to C•* for 
comparison with measured values of Cp* and to the 'har- 
monic' entropy 

o rf (Cv*/T) dT 
for comparison with the measured total entropy 

o r'(C•,*/T) aT 
are given. In paper 5 of this series [Kie•er, 1980] the pressure 
dependence of the functions will be estimated from the model, 
and applications to several problems of phase equilibria and 
isotopic fractionation will be given. 

The reader is referred to paper 3 for a description of the 
model and notation used and to papers I and 2 for many of 
the elastic and spectral parameters used for individual miner- 
als. 

2. THE MODEL 

The model developed in papers 1-3 is shown schematically 
in Figures la and lb. The vibrational unit of a crystal is taken 
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Fig. la. Schematic dispersion curves for the model given in paper 
3. There are 3s branches, corresponding to the 3s degrees of freedom 
of the Bravais unit cell. Three are acoustic branches (two shear 
branches, S• and S2, and one longitudinal branch, P) which are as- 
sumed to obey a sine wave dispersion relation. There are 3s - 3 optic 
modes, which may follow complex dispersion relations indicated 
schematically within the shaded zone. These relations may also vary 
with direction of the wave vector K in the Brillouin zone. In the model 

the optic modes are treated as follows: if some fractions q•, q2, ... of 
these lie at isolated high frequencies, they are represented by a single 
Einstein oscillator at •'E,, •%, '"; the remaining modes are assumed to 
be distributed uniformly in a continuum between •,• and •,,,. 

as the Bravais or primitive unit cell in accordance with Bloch's 
theorem [Ziman, 1972, p. 17]. If the primitive unit cell con- 
tains a number of atoms denoted by s, then 3s total degrees of 
freedom are associated with the unit cell. Each mode of vibra- 

tion appears as a separate branch on a dispersion plot (a plot 
of wave vector K versus frequency •,) such as that shown in 
Figure la. The dispersion relations can be different in each di- 
rection of the crystal because of anisotropy. 

Of the 3s degrees of freedom, only three are acoustic modes, 
which, by definition, approach zero frequency as the wave 
vector K approaches zero. Two shear modes (S• and S2) and 
one longitudinal (P) mode are included in the model and are 
characterized by acoustic velocities as described in paper 1. A 
simple sine wave dispersion of the modes toward the edge of 
the Brillouin zone is assumed, in accordance with mortatomic 
chain theory and the general tendency for measured curves to 
flatten toward the zone boundary. Note that because most 
minerals contain a large number of atoms in a unit cell, say, 
more than 10 atoms, acoustic modes constitute only a small 
fraction (l/s) of the total modes. 

The remaining (3s - 3) modes are optic modes which span 
a broad range of frequencies, both at the zone center and 
throughout the Brillouin zone. An estimate of the range of the 
optic modes can be obtained from far- and mid-infrared spec- 
troscopy, but for most minerals we have no information about 
the behavior of the dispersion curves and therefore about the 
range of frequencies away from the zone center. Because the 
thermodynamic functions are sensitive to details of the vibra- 
tional spectrum only at low frequencies, it is only at the lowest 
frequencies that a correct estimate of the dispersion relations 
appears to be essential for thermodynamic calculations. I as- 
sume that the frequency of the lowest optic mode varies (as in 

the monatomic chain model) inversely with a characteristic 
mass ratio across the Brillouin zone (equation (19b) in paper 
3). Because the lowest-frequency deformations are usually 
cation-oxygen deformations, I use masses of the heavy (or 
weakly linked) cation (denoted as m•) and of oxygen (denoted 
as m2) for the required ratio (these are given in Table 6 of pa- 
per 2). 

The optic modes are assumed to follow the simplest pos- 
sible frequency distribution g0'): they are assumed to be dis- 
tributed uniformly between a lower cutoff frequency •,• and an 
upper cutoff frequency •,,, both of which can be specified from 
spectroscopic (infrared, Raman, or inelastic neutron scatter- 
ing) data, with the specified lower cutoff frequency corrected 
for dispersion across the Brillouin zone as discussed above. 
The height of the optical continuum is determined from nor- 
malization of the total number of optical modes to (3s - 3) for 
the primitive unit cell. 

Where some of the modes (such as silicon-oxygen stretching 
modes, hydroxyl stretching modes, or carbonate bending or 
stretching modes) are isolated at high frequencies from the 
lower-frequency bending modes or weaker stretching modes 
of other cation-oxygen bonds, it is possible and deskable (for 
accuracy) to include more information in the specification of 
the distribution of the optic modes. A scheme was given in pa- 
per 2 for enumerating these modes (which might loosely be re- 
ferred to as 'intramolecular'); this scheme is discussed in fur- 
ther detail in this paper. Such modes are then placed in one or 
more Einstein oscillators, designated as •,•Ei , •,•E2 , øøøo The frac- 
tion of the total modes associated with each oscillator is desig- 
nated as q,, q2, '". 

In summary, the lattice frequency distribution is approxi- 
mated in the model as follows (Figure lb): the whole central 
part of the spectrum, which corresponds roughly to far- and 
mid-infrared spectral frequencies, is represented by a uniform 
density of states called the 'optical continuum.' Any isolated 
modes which can be enumerated are represented as separate 
Einstein oscillators. The three acoustic branches are obtained 

by integrating the assumed acoustic dispersion curves shown 
in Figure la. The assumed frequency distribution is the sum 
of these three different parts, as shown in Figure lb, and it is 
used in the equations of paper 1, Table 1, to generate the har- 
monic thermodynamic functions. 

Fig. lb. Schematic frequency distribution used in the model. The 
three acoustic branches are shown separately as the dotted curves ris- 
ing from •,•, •,:, and •'3. The optic continuum is the flat distribution 
between •'t and •,,,. The total spectrum (sum of acoustic and optic 
branches) is shown by the solid curve. Separate Einstein oscillators 
are shown at •'•rl and •%; for a more accurate model (such as is re- 
quired for the isotopic fractionation calculations discussed in paper 5) 
these could be spread into bands. 
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The data required by the model are (1) acoustic velocities, 
which determine the slopes of the acoustic branches, (2) limit- 
ing spectral frequencies for the lower and upper ends of the 
optic continuum, (3) weighting factors and frequencies for 
any Einstein oscillators used, and (4) densities and volumes of 
the minerals. Recommended values of these parameters for all 
minerals considered in this study are given in Table 1. The 
model is independent of calorimetric data, and the parameters 
are not obtained by any fitting procedure. All equations for 
the assumed spectra and the thermodynamic functions are 
given in paper 3. Corrections to errors in papers 1-3 are given 
in Appendix C. Discussion of the calculation of acoustic ve- 
locities and choice of the limiting spectral frequencies is given 
in papers 1 and 2. In the following discussions of individual 
minerals these parameters are discussed in some detail; their 
choice by careful evaluation of existing literature values deter- 
mines the accuracy obtained by the model. 

3. ORTHOSILICATES AND CALCITE 

General Spectral Properties 

A study of the lattice vibrational characteristics of the or- 
thosilicates and their influence on the thermodynamic proper- 
ties provides a key to the understanding of the spectra and 
thermodynamic behavior of more complex silicates, because 
spectral characteristics of the orthosilicates are relatively more 
easily interpreted than those of silicates of intermediate po- 
lymerization. From orthosilicate spectra it is possible to esti- 
mate the range of frequencies encompassed by Si-O stretching 
modes and O-Si-O bending modes, to determine the extent to 
which these vibrational modes are modified by cation-oxygen 
forces and to judge the extent to which the vibrations of the 
SiO4 -4 tetrahedra can be considered as being distinct from vi- 
brations involving translations of the cation or translations 
and rotations of the anions [e.g., Farmer, 1974a, p. 285]. 

For enumeration of the internal modes of orthosilicates the 

SiO4 -4 tetrahedra can be treated as perturbed anions [Farmer, 
1974a, p. 285]. An isolated tetrahedral SiO4 -4 unit would have 
nine internal degrees of freedom (15 total degrees of freedom, 
six external modes) but only four distinct modes of vibration 
because of degeneracy. These vibrations and their frequencies 
are usually designated as follows: the symmetric stretch Vl, the 
doubly degenerate bend v2, the triply degenerate stretch v3, 
and the triply degenerate bend v4. The form of the vibrational 
modes is given by Herzberg [1945, p. 100]. 

If the full symmetry of the tetrahedron is preserved, only 
the v3 and v4 modes are infrared-active. However, the full 
symmetry of the isolated tetrahedron is seldom preserved in 
real minerals, and other modes are frequently infrared-active. 
Perhaps the best understood and most reliably assigned spec- 
tral modes are those of zircon (for which both single-crystal 
infrared and Raman data are available and in which the per- 
turbing effect of the large and heavy cation is small) and of 
forsteritc. Even for an intensively studied mineral such as for- 
sterite a substantial disagreement in the mode assignments is 
obtained with the two major methods of analysis: normal- 
coordinate analysis versus group vibration analysis using the 
vibrations of the SiO4 -4 tetrahedra and metal coordination 
polyhedra [see Oehler and Giinthard, 1969; Iishi, 1978]. 

Zircon 

The crystallographic unit cell of zircon (ZrSiO4) is tetra- 
gonal, I47amd, and contains four ZrSiO4 units. However, the 

primitive unit cell contains Qnly two formula units and hence 
12 atoms and 36 degrees of freedom. The volume of the primi- 
tive cell was taken as 130.5 x 10 -24 cm -3. 

The acoustic velocities used in the model are as follows: 

VvR.,e = 8.06, Vw.,s = 3.97, Ul = 3.71, and u2 = 4.33 km s -! 
[Simmons and Wang, 1971, 22252, p. 300; from Ryzhova et al., 
1966]. In these papers, Vwn,e and Vw.,s are the Voigt-Reuss- 
Hill (VRH) longitudinal and shear velocities, respectively (see 
paper 1 for a discussion of acoustic velocities and their aver- 
ages); Ul and u2 are directionally averaged slow and fast shear 
velocities, respectively. These averaged shear velocities were 
obtained by the method described in paper 1 from measured 
minimum and maximum shear velocities of 2.94 and 4.87 km 

s -!. The directionally averaged longitudinal velocity u3 was 
taken equal to VvR•,e. (Two older published shear velocities on 
zircon are anomalously low in comparison with the Ryzhova 
values: Vs = 2.195 km s -• [Hearmon, 1956] and Vs -- 3.200 km 
s -• [Bhimasenachar and Venkataratnam, 1955]. The Ryzhova 
value of 3.972 km s -• is more in accord with values expected 
for Vs of zircon on the basis of velocity-density systematics 
[Shankland and Chung, 1974].) The chosen acoustic velocities 
give a mean sound speed of 4.46 km s -! and an elastic Debye 
temperature of 601øK. The acoustic shear branches reach Wl 
-- 97 cm -! and w2 -- 113 cm -• at the Brillouin zone boundary, 
and the longitudinal •branch reaches w3 = 210 cm -• (w•, w2, 
and w3 refer to the cutoff 'frequencies,' specified as wave num- 
bers in cm -!, of the directionally averaged slow and fast shear 
branches and longitudinal branch, respectively.) 

The vibrational spectrum of zircon has been studied in de- 
tail by Dawson et al. [1971] (see notes for Table 4, paper 2). 
The eight stretching modes (see Table 6, paper 2) constitute 
22% of the total modes. One mode (5.5%) is at 974 cm -•, one 
mode (5.5%) is at 885 cm -!, and it is assumed that the remain- 
ing modes (11.0%) are at 1000 cm -!. These eight modes are 
represented by Einstein oscillators at these three positions. 

The remaining modes are between 608 cm -• (O-Si-O bend- 
ing vibrations) and 201 cm -! (Zr -3- SiOn -4 deformations 
which resemble acoustic modes in that they 'involve shearing 
displacements of alternating columns or sheets of the structure 
relative to each other with Zr +4 and SiOn -4 moving in the 
same direction within each column or sheet' [Farmer, 1974a, 
p. 287]). The dispersion assumed across the Brillouin zone 
lowers the frequency of 201 cm -! at the zone center to 185 
cm -! at the zone boundary. For the dispersion curve, ml was 
taken as the mass of the SiOn -4 group, and m2 as the mass of 
the zirconium because of Farmer's and Dawson et al.'s assign- 
ments of low-frequency modes showing the tetrahedra mov- 
ing as rigid bodies. 

The results of the model calculation are given in Figure 2a, 
where Cv values are compared with values derived from data 
of Kelley [1941] below 300øK and Janaf[1965a, b, 1966, 1967] 
above 300øK. Calorimetric Debye temperatures 0•(T) for ex- 
perimental data and for model values are shown in Figure 2b; 
see paper 1 for an explanation of 0½a•(T). The fit is excellent; 
for example, at 298øK, Cv*, inferred from measured Cv*, is 
3.90 cal mole -! øK-l; the model value is also 3.90 cal mole -• 
øK-!. At 800øK, C•* from Cv* data is 5.47 cal mole -• øK-l, 
whereas the model value is 5.50 cal mole -• øK-!. At values 

between 298 ø and 800øK the model slightly underestimates 
C•*. (A very large scatter in measured values of thermal ex- 
pansion [see Touloukian and Ho, 1977] makes the C•,-C•. cor- 
rection difficult to estimate.) 
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Fig. 2. Data and model values for calcite, zircon, forsteritc, grossular, and pyropc. (a) Heat capacities as a function of 
temperature. (b) Calorimetric Debye temperatures as a function of temperature. (c) Percent contributions to heat capacity 
of acoustic modes A, optic continuum O, and Einstein oscillator(s) E as a function of temperature. (d) Model spectra. The 
vertical scales shown on the spectra in Figures 2-4 are arbitrary. The singularites in the acoustic branches at •,•, •,•_, and 
are shown by the three dots on the acoustic branches. Parameters used in the model are given in Table 1. References to 
heat capacity data are given in Figure 4 of paper 1 as well as in the text. References to spectral data are given in paper 2. 
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Forsterite 

Forsterite is orthorhombic, belonging to space group Pbnm. 
The primitive unit cell contains four formula units, 28 atoms, 
and hence has 84 degrees of freedom. The volume of the 
primitive cell is 290.8 x 10 -24 cm 3. 

Because of the great importance of olivine as a constituent 
of the earth's mantle the acoustic properties are well known. 
For the model the acoustic velocities were taken as v•, -- 8.56 
[Simmons and Wang, 1971, 32284, p. 305; from Kumazawa and 
Anderson, 1969], Vs - 4.93, ui -- 4.90, and u2 = 4.96 km s -• 
(determined from/2mi n • 4.42 and/2ma x • 5.00 [Verma, 1960] by 
the method of paper 1). These velocities give acoustic 
branches which reach 98, 99, and 171 cm -• at the Brillouin 
zone boundary. The mean sound speed is 5.48 km s -i, and the 
elastic Debye temperature is 747øK, in good agreement with 
Verma's [1960] value of 754øK. 

The vibrational spectra of olivines of different composition 

hav• been studied by Tarte [1965] and others, particularly 
Paques-Ledent and Tarte [1973], Oehler and Giinthard [1969], 
White [1975], and Iishi [1978]. Although these authors dis- 
agree considerably on detailed mode assignments (see Oehler 
and Giinthard [1969] and Iishi [1978] for discussion), the spec- 
trum can be broadly characterized as follows: internal SiO4 -4 
stretching modes from 825 to 995 cm -•, internal bending 
modes from about 430 to 620 cm -i, complex modes involving 
both Mg and Si cations from about 350 to 470 cm -i, and 
translational modes of the magnesium cations or coordination 
polyhedra below 350 cm -i. 

The 16 high-frequency Si-O stretching modes for the unit 
cell constitute 19% of the total modes (obtained by the method 
described in paper 2). They were placed at two frequencies 
representing the high and low portions of the band between 
825 and 995 cm-i: 12 of the modes (or 14.2%) at 930 cm -i and 
four of the modes (4.8%) at 837 cm -i. The optic continuum 
was taken to extend from 650 cm -i down to 128.2 cm -•. The 

lower limit of the optic continuum was obtained by taking the 
lowest-frequency mode at K = 0 as 144 cm -i (see Table 4 of 
paper 2) and allowing it to be dispersed across the Brillouin 
zone by the simple scheme described with masses of 92 and 
24. This corresponds to the assumption that the lowest-fre- 
quency vibrations can be described as Mg versus SiOn -4 tetra- 
hedra rather than Mg versus O, as would be consistent with 
the assumption generally used for other minerals. This depar- 
ture seems somewhat justified by the force constant calcu- 
lations of Oehler and Giinthard [1969, p. 4726], which give a 
Mg-O force constant that is about a factor of 16 lower than 
the Si-O force constant, and by the calculations of Iishi [1978, 
p. 12051. 

The results of the model for forsterire are shown in Figure 
2. At temperatures above 100øK the agreement with measured 
data is excellent. For example, at 298øK the Cv* value pre- 
dicted by the model is 3.98 cal mole -i øK-i, and that obtained 
from experimental Cp data corrected to Cv* is 4.00 cal mole -i 
øK-i. This good agreement extends to high temperatures. At 
low temperatures (<100øK) the heat capacity is slightly over- 
estimated by the model. Because there is little uncertainty in 
the acoustic velocities and because optic modes make most of 
the contribution to the heat capacity in the range of the over- 
estimate, it can probably be inferred that the estimated cutoff 
of the optic continuum at 128 cm -i is too low and that optic 
modes do not extend this low. This calculation illustrates that 

the most unknown and most critical parameter in the model is 

the distribution of modes in the far-infrared spectral region (at 
K - K .... not at K -- 0). 

As a result of the overestimate of the heat capacity at low 
temperatures, the entropy is somewhat overestimated; the cal- 
culated entropy at 298øK is 3.39 mole -i øK-i (this includes 
0.04 cal mole -i øK-i estimated anharmonic contribution (Ap- 
pendix B), whereas the measured entropy is 3% lower: 3.25 cal 
mole-i OK-i ' 

Calcite 

Calcite (CaCO3) is the molecular solid most studied. The 
calcite structure is a distorted NaC1 structure [Bragg et al., 
1965, p. 128] in which calcium ions replace the sodium ions 
and the oblate carbonate group replaces the chlorine ions. 
The oblateness of the carbonate group causes the structure to 
be rhombohedral instead of cubic. The primitive unit cell con- 
tains two CaCO3 formula units, 10 atoms, and therefore has 
30 degrees of freedom. The volume of the primitive cell is 
122.6 x 10 -24 cm 3. 

Excellent measurements of acoustic velocities of calcite are 

available [Peselnick and Robie, 1963; Robie and Edwards, 
1966], including a directionally averaged mean velocity, 3.63 
km s -l, and a single directionally averaged shear velocity, 3.23 
km s -•. In this study the slow and fast directionally averaged 
shear velocities determined by the method of paper 1 from 
this averaged value are ui -- 2.93 and u2 = 3.70 km s -•. The 
longitudinal velocity was taken as 6.53 km s -i. These veloci- 
ties give the above mean sound speed and an elastic Debye 
temperature of 468øK, in close agreement with Robie and Ed- 
ward's [1966] value of 469øK. The acoustic branches calcu- 
lated from these velocities, with the assumed sine wave dis- 
persion, reach 78, 99, and 174 cm -i at the Brillouin zone 
boundary, 2.3, 3.0, and 5.2 THz, respectively. The lower two 
branches imitate the behavior of the single shear branch 
shown by Cowley and Pant [1973], which reaches about 2.8 
THz. The longitudinal branch is somewhat higher than the 
measured branch, which only reaches 4.3 THz at the zone 
boundary. 

Infrared, Raman, and partial inelastic neutron-scattering 
(INS) data exist (see the summary of infrared and Raman 
data by White [1974, p. 233] and the INS data of Cowley and 
Pant [1973, p. 4796]; see also Table 4, paper 2). The lowest op- 
tical mode is one in which the calcium ions are stationary and 
the carbonate ions execute a rigid-body rotation in the plane 
of the ion. The frequency of this mode is 92 cm -i at the zone 
center (K -- 0) and, using the mass mi of the carbonate com- 
plex and mass m2 of calcium, drops to 71 cm -i at the zone 
boundary. The measured dispersion curve, however, is nearly 
flat across the zone. Therefore the model dispersion curve 
does not duplicate the measured behavior of the lowest 
branch but introduces no more than about 25% error in the 

branch position across the zone. (Interestingly, however, the 
best fitting shell model of Cowley and Pant, with 10 adjust- 
able parameters, shows this mode decreasing by about the 
same ratio as my simple sine dispersion curve, although the 
absolute position of their calculated branch is slightly high be- 
cause it does not match the observed value of 92 cm -i at K -- 

0. This problem illustrates the difficulty of predicting mode 
behavior even with quite complex models of atomic force con- 
stants.) 

The remaining low-frequency modes of calcite are charac- 
terized by motions in which the carbonate groups are dis- 
placed toward or away from the calcium cations. These mo- 
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TABLE 2. Summary of S29s.• for Garnets 

S298.15 , cat mote -I øK-• Comments and Reference 

Grossular 

Previous theories 
56.7 

59.9 

70.3 

Experimental 
62.0 
61.6 

Model 
60.4 

Previous theories 
47.5 

47.1 
61.1 

Experimental 
63.6 

64.0 
66.0 

(61.7) 

(58.4 +_ 2 or 60.7 ñ 2) 

Model 
65.4 

Kolesnik et al. [1977] (modified 
Debye model) 

$axena [ 1976] (entropy-volume) 
$axena [1976] (oxide summation) 

Haselton and Westrum [ 1979] 
Westrum et al. [1979] 

Pyrope 

$axena [ 1976] (entropy-volume) 
Cantor [ 1977] (entropy-mass-volume) 
$axena [1976] (oxide summation) 

Haselton and Westrum [ 1979] 
Newton et al. [1977] 
Kolesnik et al. [ 1977] 
Obata [1976] (inferred by extrapolation 

from high-temperature) 
Lane and Ganguly [1979] (inferred 

from equilibrium relations) 

The remaining 12 modes are internal vibrations (bending 
and stretching) of the carbonate ions. The frequencies of these 
modes depend on interanion coupling but are easily recog- 
nized by their similarity to the frequencies of the free carbon- 
ate ion. Rather different assignments of the modes can be 
found in the literature [e.g., White, 1974]. I have used here the 
assignments of Bottinga [1968] to facilitate comparison in pa- 
per 5 with his results on isotopic fractionation factors. The 
modes are as follows: 1460 cm -1 (four modes), 1070 cm -• (two 
modes), 881 cm -• (two modes), and 712 cm -• (four modes). 
Note that both stretching and bending modes of a 'quasi- 
molecular' unit are isolated from the external modes. 

The results of the model are shown in Figure 2, where they 
are compared with the heat capacity data of C. T. Anderson 
[1934] above 57øK and Stayely and Linford [1969] at lower 
temperatures. The agreement with measured values is ex- 
cellent. As is shown in Figure 2c, at 30øK, acoustic and optic 
continuum modes contribute equally to C•; thus the optic 
continuum modes contribute substantially to the minimum in 
the 0ca•(T) curve at 25øK. The Einstein oscillator at 712 cm -1 
begins contributing appreciably to Cv at 200øK and is con- 
tributing as much as the acoustic branches by 300øK. At high 
temperatures the Einstein oscillators account for 40% of the 
heat capacity. 

Model 
68.2 

Model 
67.0 

Experimental 
(78.7) 

Model 
70.0 

$pessartine 

lattice entropy with (< 1%) 
contribution from anharmonicity 
added, as described in Appendix 
B; magnetic spin entropy to be added 
is 7.21 according to Ulbrich and 
Waldbaum [ 1976] 

Almandine 

same as spessartine; magnetic spin 
entropy to be added is 9.59 accor• 
to Ulbrich and Waldbaum [ 1976] 

Andradite 

Kiseleva et aL [1972] 

lattice entropy only; magnetic spin 
entropy to be added is 7.12 according 
to Ulbrich and Waldbaum [ 1976] 

tions produce five infrared-active and two Raman-active 
lattice modes (shown by Wh/te [1974, Figure 12.3, p. 231]). 
Some motions are translational, and others, which correspond 
to the free rotations of an unbound carbonate molecule, are li- 
brational. 

The highest-frequency external mode is produced by a 
stretching motion of the carbonate ion against the calcium 
ion. The frequencies of the transverse and longitudinal com- 
ponents of this mode are quite different, because the longitu- 
dinal frequency is shifted by the long-range polarization field, 
an effect which is typically large in ionic crystals [White, 1974, 
p. 233]. The wave number of the transverse mode is 303 cm -•, 
and that of the longitudinal mode is 387 cm -•. A linearly av- 
eraged value of 345 cra -• was taken to represent the top of the 
optic continuum. 

In total therefore the external optic modes constitute 15 of 
the 30 degrees of freedom and are modeled as having frequen- 
cies ranging from 72 to 345 cm -•. 

Garnets 

The garnet family is one for which very few heat capacity 
measurements have been published and for which the few 
published experimental and theoretical values of heat capac- 
ity and entropy disagree so substantially that considerable 
speculation has arisen regarding the cause of the differences in 
measured thermodynamic properties from those expected. 
Five garnets are included in the present study: grossu- 
lar (Ca3A12Si30•2), pyrope (Mg3A12Si•O•2), almandine 
(Fe•A12Si•O12), spessartine (Mn•A12Si30•2), and andradite 
(Ca•Fe2Si•O•2). 

The garnet problem specifically concerns pyrope and 
grossular and can be summarized as follows: The entropy-esti- 
mating schemes which exist for minerals give widely dis- 
agreeing values for pyrope and grossular (see Table 2). In the 
case of grossular the oxide summation method overestimates 
the entropy. For pyrope there is a similar disagreement be- 
tween the oxide summation scheme and the other schemes. 

The general conclusion from the estimating schemes is that a 
lower entropy S would be expected for pyrope (S298 = 47 cal 
mole -• øK-•) than for grossular (S298 = 57-60 cal mole -l 
øK-I). Measured entropies, however, disagree with these theo- 
retical predictions: measured values of S29• for grossular are 
about 62 cal mole -• øK-•, whereas those for pyrope range 
from 63 to 66 cal mole -• øK-l (Table 1). This lack of agree- 
ment between the predicted and the measured values has 
given rise to the controversy over the 'pyrope excess entropy' 
[Newton et al., 1977]. A further indication of the complexity of 
the problem is the fact that the elastic Debye temperature of 
grossular is higher (821øK) than that of pyrope (794øK), from 
which a simple Debye model would indicate that pyrope 
would indeed have the higher entropy at 298øK but should 
also have a higher heat capacity at any temperature. In fact, 
even though the entropy of pyrope is greater than that of 
grossular at 298øK, its heat capacity is less (76-78 cal mole -• 
øK-• for pyrope compared with 79-82 cal mole -• øK-• for 
grossular). It will be demonstrated below that these trends are 
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to be expected from the observed spectroscopic characteristics 
of the garnets. 

The crystallographic unit cell of the garnets is cubic (Ia3d), 
and the primitive unit cell of the garnets therefore contains 
four formula units and hence 80 atoms and 240 degrees of 
freedom. The primitive cell volumes used in the model are as 
follows: grossular, 932 x 10 -24 cm3; andradite, 874.4 x 10 -24 
cm3; pyrope, 752 x 10 -24 cm3; spessartine, 790 x 10 -24 cm3; 
and almandine, 765 x 10 -24 cm 3. 

Acoustic properties of garnets have been determined by 
several investigators [Isaak and Graham, 1976; Wang and 
Simmons, 1974; Bonczar et al., 1977; Ryzhova et al., 1966; Ba- 
bushka et al., 1978; Goto et al., 1976]. Garnets are nearly iso- 
tropic, and it was therefore assumed in the model that the 
slow and fast shear velocities are identical (the three acoustic 
modes account for 3/240 degrees of freedom, so that small un- 
certainties in the acoustic mode parameters are not important 
in the calculation of the thermodynamic properties). The ve- 
locities used were taken from Isaak and Graham [1976] for 
grossular, pyrope, almandine, and spessartine and from Ba- 
bushka et al. [1978] for andradite. The velocities used are as 
follows: grossular, Vs = 5.43, Up •--' 9.31 km s-'; andradite, Vs -- 
4.96, Vp = 8.47 km s-'; pyrope, Vs = 5.05, Vp = 8.96 km s-'; 
spessartine, Os = 4.80, Vp = 8.47 km s-'; and almandine, Os = 
4.68, Vp -- 8.42 km s-'. These velocities gave the following 
mean sound speeds and Debye temperatures: grossular, Vm = 
6.02 km s-', 0c, = 821øK; andradite, Vm ---- 5.50 km s-', 0c, -- 
738øK; pyrope, Vm ---- 5.62 km s-', 0• = 794øK; spessartine, Vm 
= 5.34 km s-', 0• = 742øK; and almandine, Vm = 5.21 km s-', 
0•, = 731 øK. (Note that from a Debye model based on elastic 
Debye temperatures the heat capacities, at any temperature, 
would be expected to increase in the following order: grossu- 
lar, pyrope, spessartine, andradite, and almandine.) These 
acoustic velocities and the above cell parameters give acoustic 
branches truncated at relatively low frequencies at the Bril- 
1ouin zone boundary (see Figure la): 74, 74, and 126 cm-' for 
the two shear branches and one longitudinal branch of grossu- 
lar; 73, 73, and 130 cm-' for pyrope; 69, 69, and 121 cm-' for 
spessartine; 68, 68, and 122 cm-' for almandine; and 69, 69, 
and 117 cm-' for andradite. 

Unfortunately, all optical spectra published have been on 
natural garnets, which have appreciable solid solutions of 
non-end-member cations. There are therefore some uncer- 

tainties in assignment of the optic mode frequencies to given 
atomic vibrations. Because I wished to compare model Cv val- 
ues with Cv values obtained from Cp data for pure end-mem- 
ber compositions, it was necessary to attempt to extrapolate 
the spectra on solid solutions to obtain parameters representa- 
tive of the pure end-member compositions. 

Identifying the Si-O stretching modes of the garnets is rela- 
tively easy, because the IR-active modes are isolated from 
other modes between about 850 and 950 cm-' in a band which 

has a common shape for all end-member compositions [see 
Farmer, 1974a, Figure 13.4, p. 291]. Available Raman spectra 
show the Raman-active stretching modes from about 700 to 
900 cm-' [Moore et al., 1971, p. 65]. Tarte [1965], Moore et al. 
[1971], and others have noted a linear relationship between 
the frequencies of the high-frequency infrared and Raman 
bands and the lattice parameter. This relationship is appar- 
ently due to changes in the Si-O tetrahedral bond lengths for 
different compositions. In the model, two bands were used to 
represent the Si-O stretching modes: a high-frequency band 
containing 15% of the modes and a lower-frequency band 
containing 5%. The bands are placed at 975 and 875 cm-' for 

almandine, 975 and 875 cm -• for pyrope, 965 and 865 cm -• 
for spessartine, 950 and 850 cm -• for grossular, and 925 and 
825 cm -• for andradite. 

The top of the optic continuum is similarly well defined 
from infrared spectra [Moore et al., 1971, p. 58; W. B. White, 
personal communication, 1979; paper 2, Table 4]. It is taken 
at 619 cm -• for grossular, 630 cm -• for pyrope, 631 cm -• for 
spessartine, 635 cm -• for almandine, and 589 cm -• for andra- 
dite. The position of the bands at the top of the optic contin- 
uum does not change significantly for those garnets with 
aluminum in the octahedral site but is substantially lower for 
andradite, which has iron in the octahedral site. This suggests 
that the mode at the top of the optic continuum is an RO6 oc- 
tahedral mode, as suggested by Omori [1971a, p. 843], rather 
than a v2 or v4 SiOn -4 mode, as suggested by Moore et al. 
[1971]. The above values were not extrapolated to those ap- 
propriate to end-member compositions, as such an extrapola- 
tion would lead to a frequency change of only a few wave 
numbers and would have negligible influence on the ther- 
modynamic properties. 

The major problem is selection of the lowest extent of the 
optic modes, because these modes, although they are largely 
determined by the eightfold coordinated A cations (where A 
is Ca, Mg, Fe, and Mn in the end-members and is a mixture of 
these atoms in the solid solutions observed spectrally), are 
possibly coupled to the modes of the sixfold coordinated B 
cations. For the purest grossular samples examined by Moore 
et al. [1971] the lowest mode was at 180 cm-•; these samples 
had less than 1% almandine. Some grossular samples contain- 
ing 4-6% almandine (i.e., iron in the A site) showed modes at 
140-150 and 117-125 cm -•. These modes are also observed in 

the purest almandine samples, and I therefore attributed the 
117-cm -• mode to the almandine component and used it in 
the model as the lowest mode frequency for almandine. Spes- 
sartine shows a mode at 113 cm -•, close to the almandine 
value, as would be expected from the similarity of the iron 
and manganese atoms. The pyrope examined by Moore et al. 
[1971] also had a significant almandine content (16% and 38%) 
and showed a low-frequency line at 125 cm -•, which I inter- 
pret as arising from the impurity Fe vibrations. I have there- 
fore taken the next higher observed line at 149 cm -• as the 
lowest vibration characteristic of a pure pyrope garnet. The 
lowest mode of andradite observed in both the Kieffer [1979b] 
spectrum and the Moore et al. [1971] spectra is at 132 cm-•; a 
line at 113 cm -• would be expected for Fe in the A site if there 
were no influence of the B site cation, and, in fact, a weak line 
at 113 cm -• was observed in one sample by Moore et al. 
[1971]. However, because the line was weak and not repro- 
duced in either Kieffer's or Moore et al.'s work on other an- 

dradites, the higher value of 132 cm -• is used in the calcu- . 
lation here. 

In summary, then, the zone center value of the lower cutoff 
of the optic continuum for the garnets was taken as follows: 
grossular, 180 cm-•; pyrope, 149 cm-•; andradite, 132 cm-•; 
spessartine, 113 cm-•; and almandine, 117 cm -•. From the dis- 
persion assumed across the Brillouin zone (see paper 3) these 
modes drop to 152, 115, 112, 99, and 103 cm -•, respectively, at 
the zone edge by the assumed dispersion. Because the prob- 
able coupling between the modes of the eightfold coordinated 
A cations and the sixfold coordinated B cations would occur 

through bridging oxygens, in all cases I used the mass of the 
heavy cation for m• in the assumed dispersion relation and the 
mass of oxygen for m2. 

The heat capacities predicted by the model are shown in 
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Fig. 3. Data and model values for almandine, spessartine, kyanite, andalusite, and sillimanite. (a) Heat capacities as a 
function of temperature. (b) Calorimetric Debye temperatures as a function of temperature. (c) Percent contributions to 
heat capacity of acoustic modes A, optic continuum O, and Einstein oscillator(s) E as a function of temperature. (d) Model 
spectra. The notation is the same as that in Figure 2. 

Figure 2 for grossular and pyrope and in Figure 3 for aiman- 
dine and spessartine. Consider first the model values of the 
heat capacity Cv* (normalized to the monatomic equivalent) 
and calorimetric Debye temperature t•½a• (T) of grossular and 

pyrope and their comparison with experimental values (Fig- 
ures 2a and 2b). The experimental values used for pyrope are 
from Haselton and Westrum [ 1980] (below 350 øK) and Koles- 
niket al. [1977] (above 350øK); the values for grossular from 
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300 ø to 1000øK are from Krupka et al. [1979b], and the values 
from 100 ø to 300øK are from Westrum et al. [1979]. Kolesnik 
et al. [1977] also published data below 300øK for pyrope, but 
the behavior is quite different from the data of Haselton and 
Westrum and appears anomalous in comparison to the behav- 
ior expected from the model and to experimental data on 
other garnets. Kolesnik's sample was natural pyrope of com- 
position Py7•AI•8.sSpo.3Grs.2An,.9Uvo.2, and it is possible that 
an excess magnetic heat capacity is contributed at low temper- 
atures by iron impurities. 

The model predicts a heat capacity Cv* for grossular of 3.86 
cal mole-' øK-', in fair agreement with measured heat capaci- 
ties (C•,* -- 3.94, Cv* = 3.92 cal mole-' øK-'). The predicted 
entropy at 298øK, S•98', is 3.02 (or S = 60.40 cal mole-' 
øK-'), in good agreement with the Westrum et al. [1979] value 
of 61.6 cal mole-' øK-'. For pyrope the model predicts the 
heat capacity Cv* at 298øK to be 3.88 cal mole-' øK-', in 
good agreement with the measured heat capacity (C e* -- 3.89 
or C•* = 3.86 cal mole-' øK-'), and predicts S•98' = 3.27 (S = 
65.40 cal mole-' øK-'), in good agreement with the measured 
values, which range from 63.6 to 66.0 cal mole-' øK-'. The 
model therefore reproduces the observed values of the ther- 
modynamic functions at 298øK within a few percent, and as 
can be seen in Figure 2, it reproduces measured data well at 
all temperatures. (The model values of entropy cited above in- 
clude a correction of---1% for the artharmonic entropy.) 

According to the model spectrum (Figure 2d) the pyrope 
excess entropy (noted on p. 6 of paper 1) is caused by the low- 
frequency optic modes which extend to 149 cm-' at K -- 0 and 
to 115 cm-' at Kmax (the edge of the Brillouin zone), sub- 
stantially lower than the zone edge value of 152 cm-' for 
grossular. The lower-frequency modes of pyrope contribute 
excess heat capacity at low temperatures relative to that for 
grossular; for example, optic modes contribute 50% of the heat 
capacity at 30øK for pyrope, whereas for grossular they do not 
contribute 50% of the heat capacity until nearly 40øK. 

A most interesting behavior of the calorimetric Debye tem- 
perature curve 0ca•(T) is predicted for grossular at very low 
temperatures: two minima are predicted, one at 15 øK and one 
at 50øK. If we remember that dips and peaks in the 
curves correspond to peaks and dips, respectively, in the lat- 
tice vibrational spectrum, we can see (from Figure 2d) that the 
first minimum is due to the combined S and P branch singu- 
larities and the second minimum is due to the low-frequency 
modes of the optic continuum. In no other mineral studied 
have the S and P acoustic branches been sufficiently separated 
from the optic continuum to produce this effect, although a 
similar 0•(T) behavior is shown by the experimental data 
(but not the model) on tremolite (Figure 4). The acoustic 
modes of grossular are truncated at low frequencies, primarily 
because the large unit cell gives rise to a small Brillouin zone 
(see paper 3, equation (16)); the optic modes are at relatively 
high frequencies, possibly because the large mass difference 
between the cation (calcium) and anion (oxygen) produces a 
large stopping band (see paper 1, Figure 8). 

The only significant difference between the model vibra- 
tional spectra of grossular and pyrope is the much lowered po- 
sition of the optic modes of pyrope. It is somewhat puzzling 
that the lowest-frequency mode of pyrope is lower than that 
of grossular, for these modes are usually associated with cat- 
ion-oxygen deformations [Moore et al., 1971], and it would be 
expected that the heavy calcium cations in grossular would 
have lower vibrational frequencies than the lighter magne- 

sium ions in pyrope. In all garnets the dodecahedrally coordi- 
nated cations are surrounded by four 'close' and four 'far' 
neighbors; for example, in pyrope the magnesium ion has four 
close neighbors at 2.198 Jk and four more distant ones at 2.343 
Jk [Gibbs and Smith, 1965, p. 2033]. However, it has been sug- 
gested that the magnesium ion in pyrope lies in a cavity larger 
than normal for an octahedrally coordinated magnesium ion 
and that it fills the cavity by a strongly asymmetric vibration 
[Gibbs and Smith, 1965, p. 2033], although the idea of posi- 
tional disorder has not been substantiated by recent data 
[Meagher, 1975]. Such a strongly asymmetric vibration could 
give rise to a split-frequency vibrational mode, with the longer 
bond lengths causing the lowest-frequency mode, which, in 
turn, causes the excess heat capacity. (A similar asymmetric 
vibration might account for the low frequency of the Na-O vi- 
bration and high low-temperature heat capacity of albite, in 
which six of the Na-O bonds are between 2.38 and 2.86 A and 

two others are at 3.12 and 3.45 A [Wyckoff, 1968; Winter et al., 
1977].) 

Measured heat capacities and entropies do not exist for al- 
mandine, spessartine, and andradite. The predicted values of 
the harmonic contribution to these functions are given in 
Table 1 and are shown in Figure 3 for almandine and spessar- 
tine. At 298øK the values of C•* and $* (harmonic only) are, 
respectively, 3.92 and 3.41 cal mole-' øK-' for spessartine, 
3.90 and 3.35 cal mole-' øK-' for almandine, and 4.03 and 
3.50 cal mole-' øK-' for andradite, with w• taken as 132 cm-' 
(reduced to 112 cm-' by the dispersion assumed across the 
Brillouin zone). If andradite had an Fe vibration at 113 
(reduced to 95.5 cm-' by the assumed dispersion), C•* and $* 
would be 4.06 and 3.65 cal mole-' øK-'. It can be seen that 

spectroscopic determination of the far-infrared limits would 
increase our ability to predict S:98' for andradite; the present 
uncertainty leads to an uncertainty of about 1.5 cal mole-' 
øK-' in the estimate of $ ($ = S* x 20). Estimated anhar- 
monic contributions are shown •Table 3; in addition, the to- 
tal entropy must include magnetic and configurational en- 
tropy if appropriate. For andradite and spessartine the ideal 
magnetic spin entropy Sms* is 0.356 cal mole-' øK-', and for 
almandine, Sms* is 0.480 cal mole-' øK-' [Ulbrich and Wald- 
baum, 1976, p. 4]. 

•41umino silic at es 

The thermodynamic properties of the three aluminosilicate 
polymorphs kyanite, andalusite, and si!liraanite (Al:SiOs) are 
of interest for several reasons: (1) the three phases are com- 
mon in metamorphic rocks and are therefore used as geother- 
mometers and geobarometers, (2) the position of the triple- 
point intersection of three univariant equilibrium curves is the 
subject of considerable controversy and is uncertain because 
of the very small energy differences amongst the phases [e.g., 
Holm and Kleœœa, 1966; •41thaus, 1967; Richardson et al., 1969; 
Holdaway, 1971; Zen, 1972], and (3) in spite of the small ther- 
modynamic differences amongst the phases the optical spectra 
change considerably from one polymorph to the next. With 
these polymorphs there is an opportunity to examine the in- 
fluence of changing coordination of the aluminum cations on 
spectra and therefore on thermodynamic properties. 

All three polymorphs have independent SiO4 -4 tetrahedra 
and are thus generally considered to be orthosilicates. The es- 
sential structural difference between the three polymorphic 
forms is in the coordination of one of the aluminum ions in 

the Al:SiO5 formula unit (see Bragg et al. [1965, p. 190] for 
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TABLE 3. Model Results and Comparison With Experimental Thermodynamic Data 

Cp* Slattice* 

T, øK Cv* TVeaB Model Experiment Model Experiment 
Halite 

298.15 5.66 0.29': 5.95 6.04 8.68 8.62 
700 5.90 ~0.94 6.86 6.90 14.29 14.09 

1000 5.93 ~1.58 7.51 7.53 17.04 16.66 

Periclase 

298.15 4.25 0.07 4.32 4.51 3.22 3.22 
700 5.57 0.24 5.81 5.82 7.70 7.70 

1000 5.76 0.45 6.21 6.12 9.93 9.83 

Brucite 

298.15 3.79 0.01 3.80 3.69 3.45 3.02 
400 4.30 0.02 4.32 4.39 4.65 4.21 

Corundum 

298.15 3.78 0.03 3.81 3.77 2.50 2.43 
700 5.43 0.15 5.58 5.58 6.67 6.55 

1000 5.69 0.31 6.00 5.97 8.82 8.61 

Spinel 1 
298.15 4.00 0.04 4.04 3.96 2.89 2.75 
700 5.50 0.12 5.62 5.64 7.14 6.94 

1000 5.73 0.21 5.94 6.09 9.23 9.03 

Spinel 2 
298.15 3.89 0.04 3.93 3.96 2.75 2.75 
700 5.47 0.12 5.59 5.64 6.94 6.94 

1000 5.71 0.21 5.92 6.09 9.03 9.03 

Quartz 
298.15 3.49 0.02 3.51 3.55 3.35 3.30 
700 5.16 0.23 5.39 5.50 7.32 7.18 

a-Cristobalite 

298.15 3.47 0.05 3.52 3.52 3.35 3.46 
400 4.15 0.05 4.20 4.04 4.47 4.61 

Vitreous Silica (CRN) 
298.15 3.46 0.00 3.46 3.52 3.67 3.82 b 
700 5.16 0.00 5.16 5.18 7.41 7.59 

1000 5.53 0.00 5.53 5.60 9.32 9.52 

Vitreous Silica (PD) 
298.15 3.45 0.00 3.45 3.52 3.51 3.82 
700 5.15 0.00 5.15 5.18 7.25 7.59 

1000 5.53 0.00 5.53 5.60 9.16 9.52 

Coesite 1 

298.15 3.66 0.00 3.66 3.62 3.35 3.22 

(700) c 5.23 O. 02 5.25 5.24 7.23 7.08 
(1000) c 5.56 0.03 5.59 5.61 9.17 8.96 

Coesite 2 

298.15 3.41 0.00 3.41 3.62 2.99 3.22 

(700) c 5.15 0.02 5.17 5.24 6.74 7.08 
(1000) c 5.52 0.03 5.55 5.61 8.65 8.96 

Stishovite 1 

298.15 3.56 0.06 d 3.62 3.42 2.60 2.21 
(700) c 5.32 O. 18 5.50 5.22 6.62 6.04 

(1000) c 5.63 0.31 5.94 5.54 8.70 7.96 

Stishovite 2 

298.15 3.48 0.06 d 3.54 3.42 2.55 2.21 

(700) c 5.28 O. 18 5.46 5.22 6.52 6.04 
(1000) c 5.60 0.31 5.91 5.54 8.59 7.96 
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TABLE 3. (continued) 

T, øK 

Cp* Slattice* 

C •* TVe•B Model Experiment Model Experiment 

Rutile 1 
298.15 4.26 0.05 4.31 4.39 4.02 4.01 
700 5.54 0.14 5.68 5.48 8.39 8.27 

1000 5.75 0.22 5.97 5.83 10.48 10.29 

Rutile 2 

298.15 4.44 0.05 4.49 4.39 4.50 4.01 
700 5.57 0.14 5.71 5.48 8.94 8.27 

1000 5.76 0.22 5.98 5.83 11.04 10.29 

•llbite 

298.15 3.70 0.01 3.71 3.77 3.79 3.81 
700 5.25 0.05 5.30 5.34 7.72 7.76 

1000 5.58 0.11 5.69 5.74 9.71 9.74 

M/eroe//ne 

298.15 3.72 0.00 3.72 3.72 3.86 3.94 
700 5.26 0.02 5.28 5.30 7.77 7.84 

1000 5.58 0.05 5.63 5.70 9.74 9.81 

•lnorthite 

298.15 3.68 0.00 3.68 3.88 3.54 3.66 
700 5.26 0.01 5.27 5.45 7.43 7.73 

1000 5.59 0.03 5.62 5.87 9.39 9.75 

Clinoenstatite 

298.15 3.92 0.03 3.95 3.92 3.29 3.24 
700 5.39 0.09 5.48 5.36 7.41 7.23 

(1000) c (5.66) (0.16) (5.82) (5.80) (9.45) (9.22) 

(298.15) c 
(700) * 
1ooo 

Orthoenstatite 

3.88 0.03 3.91 3.92 3.17 3.16 
5.39 0.09 5.48 NA 7.28 NA 
5.66 0.16 5.82 NA 9.32 NA 

Jadeite 

298.15 3.81 0.02 3.83 3.82 3.30 3.19 
700 5.36 0.11 5.47 5.40 7.39 7.20 

1000 5.65 0.24 5.89 5.83 9.49 9.21 

Tremolite 

298.15 3.87 0.01 3.88 3.82 3.38 3.20 

(700) 5.30 0.05 5.35 5.40 7.41 7.23 
(1000) 5.58 0.10 5.68 6.07 9.40 9.25 

Muscovite 

298.15 3.68 0.01 3.69 3.71 3.31 3.49 

(700) e 5.18 0.04 5.22 5.41 7.20 7.44 
(1000) e 5.49 0.08 5.57 5.83 9.15 9.45 

Ta/e 

298.15 3.61 0.01 3.62 3.66 2.99 2.97 

(700) e 5.17 0.04 5.21 5.40 6.85 6.88 

Caleite 

298.15 3.82 0.01 3.83 3.98 4.59 4.38 
700 5.16 0.06 5.22 5.46 8.50 8.49 

1000 5.51 0.16 5.67 5.95 10.50 10.52 

Zircon 

298.15 3.90 0.01 3.91 3.92 3.44 3.35 
700 5.38 0.04 5.42 5.51 7.51 7.45 

1000 5.65 0.09 5.74 5.86 9.53 9.49 

Diopside 
298.15 3.95 0.03 3.98 3.98 3.49 3.42 
700 5.40 0.10 5.50 5.51 7.63 7.56 

1000 5.67 0.17 5.84 5.95 9.68 9.60 
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TABLE 3. (continued) 

•p• •latticc • 

T, øK C• TVeaB Model Experiment Model Experiment 

Forsterite 

298.15 3.98 0.04 4.02 4.02 3.39 3.25 
700 5.43 0.18 5.61 5.55 7.64 7.40 

1000 5.69 0.36 6.05 5.99 9.80 9.46 

Pyrope 
298.15 3.88 0.03 9.91 3.89 3.27 3.18 r 
700 5.39 0.10 5.49 5.44 7.38 NA 

1000 5.66 0.18 5.84 5.66 9.44 NA 

Grossular 

298.15 3.86 0.02 3.88 3.94 3.02 3.05 
700 5.39 0.10 5.49 5.53 7.14 7.20 

1000 5.67 0.19 5.86 5.88 9.21 9.24 

A!mandine 

298.15 3.90 0.02 3.92 NA 3.35 NA 
700 5.39 0.09 5.48 NA 7.48 NA 

1000 5.66 0.20 5.86 NA 9.56 NA 

Spessartine 
298.15 3.92 0.02 3.94 NA 3.41 NA 
700 5.40 0.12 5.52 NA 7.58 NA 

1000 5.67 0.28 5.95 NA 9.68 NA 

Andradite 
298.15 4.03 0.03 4.06 NA 3.50 NA 
700 5.45 0.10 5.55 NA 7.70 NA 

1000 5.69 0.19 5.88 NA 9.78 NA 

Kyanite 
298.15 3.63 0.02 3.65 3.64 2.60 2.50 
700 5.33 0.14 5.47 5.46 6.65 6.50 

1000 5.63 0.34 5.97 5.85 8.81 8.52 

Andalusite 

298.15 3.62 0.03 3.65 3.67 2.89 2.79 
700 5.32 0.20 5.52 5.43 6.98 6.77 

1000 5.63 0.50 a 6.13 5.80 9.24 8.88 

$i!!imanite 
298.15 3.56 0.01 3.57 3.66 2.95 2.87 
700 5.28 0.07 5.35 5.33 6.88 6.83 

1000 5.60 0.17 5.77 5.78 8.93 8.81 

NA means not available. For vitreous silica, CRN refers to the continuous random network, and PD to 
the pentagonal dodecahedral model (see paper 3, p. 50). All units are cal mole -• øK-•. 

ø The anharmonicity is large; TVe '2B was calculated from the high-temperature C v* minus the Dulong- 
Petit limit for C•. 

b Janaf[1965a, b, 1966, 1967] data were used. 
½ Metastable at these temperatures. 
a Anharmonic correction very uncertain. 
' Onset of dehydration may affect C•* or affect the thermal expansion so strongly that the TV•2B term 

is onknown. 

fData below 350øK are from Haselton and Westrum [1980]. 

discussion and illustrations of the structures). In all three 
polymorphs, one aluminum cation is always in sixfold coordi- 
nation, and the silicon atom is always in fourfold coordina- 
tion. In sillimanite the other aluminum is in fourfold coordi- 

nation; in andalusite, fivefold; and in kyanite, sixfold. The 
aluminum and oxygen atoms form chains of octahedra of dif- 
ferent orientations in the three polymorphs; the variation of 
the lateral linkages of the chains gives rise to the structural 
differences. 

The polymorphs have identical unit-cell contents but differ- 
ent crystal symmetries. Kyanite is triClinic, PI, containing 
four formula units per primitive cell. The unit-cell volume was 
taken as 292 x 10 -24 cm 3. Andalusite is orthorhombic, Pnnm, 

containing four formula units per primitive cell. The unit-cell 
volume was taken as 342 x 10 -•n cm 3. Sillirnanite is also or- 

thorhombic, Pbnrn, containing four formula units per primi- 
tive cell. The cell volume was taken as 331 x l0 -•n cm •. The 

unit cells of all three polymorphs contain 32 atoms and hence 
have 96 degrees of freedom. 

Acoustic velocities have been measured only on sillimanite 
[Simmons, 1964a, b]. From these data I estimated the slow and 
fast directionally averaged shear velocities to be u• -- 4.91 and 
u2 -- 5.37 km s -• and the directionally averaged longitudinal 
velocity to be 9.75 km s -•, giving a mean sound speed of 5.72 
km s -• and an elastic Debye temperature 0 of 782øK. I then 
used the relations v•,/p -- const -- 3.0 and vs/p -- const - 1.58 
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to estimate the shear and longitudinal velocities for andalusite 
and kyanite. This scheme [O. L. Anderson, 1965] gave os -- 
5.04 and o•, - 9.45 km s -l for andalusite; I assumed that the 
degree of anisotropy was the same for all polymorphs, that is, 
that ul/os - const and u2/os -- const. This gave ul - 4.83 and 
u2 -- 5.29 km s -l for andalusite, O,n ---- 5.63 km s -l, and/•c• - 
761øK. For kyanite the same assumptions give o•, -- 10.80, os 
'- 5.76, ul - 5.52, u2 -- 6.05, 0 m '-- 6.43 km s -l, and 8el - 916øK. 
These estimates of 0m, and therefore 8•, are very close to val- 
ues obtained by other estimating schemes, such as the equa- 
tion 8•1 -- 1644/3 [0. L. Anderson, 1965], or from the relation- 
ship of sound speed to the index of refraction [0. L. Anderson 
and R. C. Liebermann, 1966] and to the new data of 
Vaughn and Weidner [1978]. With these sound speeds and 
lattice parameters the following acoustic branch cutoff fre- 
quencies were obtained: wl -- 110, w2 -- 121, and w3 -- 215 
cm -l for kyanite; wl -- 91, w2 - leo, and w3 = 179 cm -l for 
andalusite; and wl -- 94, w: - 103, and w3 -- 187 cm -l for sil- 
limanite. 

The spectra of these three minerals show marked changes 
as the coordination number of the aluminum changes. Con- 
sider first the spectral characteristics of kyanite and andalusite 
(discussed in paper 2 and, for andalusite, in a recent paper by 
Iishi et al. [1979]). The Si-O stretching frequencies are quite 
typical of the orthosilicates, extending from 880 to 1030 cm -l 
in the infrared spectra. These were modeled as a single Ein- 
stein oscillator at 950 cm -l, containing 16.7% of the total 
modes (see paper 2, Table 6). The SiOn -4 bending modes and 
the A1-O stretching and bending modes, which normally lie 
below 650 cm -l in orthosilicates, extend to 720 cm -l in kyan-• 
itc and to 780 cm -l in andalusite. Farmer [1974a, p. 293] and 
Lazarev [1972] discuss possible causes of these increased fre- 
quencies. The lowest observed optical mode in kyanite is at 
237 cm -l (lowered to 188 cm -l by the dispersion assumed 
across the Brillouin zone) and in andalusite is at 156 cm -• 
(lowered to 124 cm -l by dispersion across the Brillouin zone). 

The spectrum of sillimanite is much more complex than the 
spectra of kyanite or andalusite. The Si-O stretching vibra- 
tions are greatly perturbed by the presence of fourfold coordi- 
nated aluminum atoms, which enter into alternating sites in 
ribbons of tetrahedra which run through the structure parallel 
to the c axis. The Si-O-A1 vibrations extend from 650-700 to 

nearly 1200 cm -l, the latter being possibly the highest fre- 
quency observed for Si-O stretching in any mineral. Because 
of this large range of frequencies covered by the stretching 
modes it is not possible to isolate the Si-O-A1 stretching 
modes, which, according to paper 2, should constitute 5/24, or 
20.8%, of the total degrees of freedom. Four modes (two per 
sillimanite 'ribbon,' of which there are two per unit cell [Laza- 
rev, 1972]) are quite isolated at 1175 and 1195 cm -l (see Laza- 

tion of aluminum changes from six to five to four through the 
sequence kyanite, andalusite, and sillimanite, the optic contin- 
uum stretches toward both higher and lower frequencies, ulti- 
mately, in sillimanite, encompassing two of the three acoustic 
branches and most of the Si-O stretching modes. 

The heat capacities calculated from the model vibrational 
spectra are shown in Figure 3. The agreement with the experi- 
mental data of Simon and Zeidler [1926] is quite good except 
at low temperatures, where the model overestimates Cg* for 
all three polymorphs. At 298øK the agreement with measured 
values is excellent: C•* (in cal mole -• øK-l) for kyanite is 3.63 
(model), 3.63 (experimental); for andalusite is 3.62 (model), 
3.65 (experimental); and for sillimanite is 3.56 (model), 3.66 
(experimental). The entropies obtained at 298øK, S•98' (in cal 
mole -l øK-l) are as follows: kyanite, 2.60; andalusite, 2.89; 
and sillimanite, 2.95. The entropies are systematically high 
(2.7-3.6%) in comparison with experimental values, because 
the low-temperature heat capacities are overestimated by the 
model, but the entropy differences between the phases are 
very close to the measured differences. In terms of entropy per 
formula unit (as contrasted to the monatomic equivalent 
given above) the entropy differences are as follows: kyanite - 
andalusite -- -2.32, andalusite - sillimanite -- -0.48, and 
kyanite - sillimanite -- -2.80 cal mole -l øK-l. 

4. CHAIN AND SHEET SILICATES 

General Spectral Properties and Enumeration 
of (Si, AI)-O Stretching Modes 

Several problems are encountered in the attempt to formu- 
late model vibrational spectra for the chain and sheet silicates: 
(1) spectral data and mode assignments are both relatively 
gparse, (2) the silicon-oxygen stretching modes are complex, 
consisting of both Si-O-Si bridging modes and Si-O non- 
bridging modes, and (3) the minerals studied may have a wide 
range of compositions and impurities, so that interpretation 
and comparison of data are complicated. Problem 3 makes it 
digcult to compare the model values, based on spectra of 
minerals of perhaps one composition, structure, and degree of 
purity, with calorimetric data, obtained on minerals of possi- 
bly different characteristics. 

Enumeration of the silicon-oxygen stretching modes was 
relatively simple for both the framework silicates and the or- 
thosilicates, because in those cases the stretching modes were 
of a single kind: Si-O-Si or (Si, A1)-O-(Si, A1) bridging modes 
in the framework silicates and Si-O modes in the ortho- 

silicates. In single-chain, double-chain, and layer silicates 
these different kinds of modes must be separated and enumer- 
ated. Even when the enumeration is accomplished (see dis- 
cussion below), a problem remains in identifying the fre- 
quency ranges of the modes (the different stretching modes 

rev [1972, p. 172] for a detailed discussion of the frequencies lie at different frequencies), because they may overlap Si-O 
of the stretching modes of the sillimanite ribbon). These were 
accordingly modeled as an Einstein oscillator at 1185 cm -l 
containing 4.2% of the total modes. The remaining optic 
modes were placed in the optic continuum stretching from 955 
down to 91 cm -l (the latter being the 115-cm -l mode ob- 
served at K -- 0 with dispersion asumed across the Brillouin 
zone). 

The general differences in the aluminosilicate spectra 
caused by the change of coordination are illustrated in the 
model spectra shown in Figure 3d; however, the model spectra 
are not nearly as detailed or as well based as those of zircon, 
forsterite, and the garnets discussed earlier. As the coordina- 

bending modes, cation deformation modes, or, particularly, 
hydroxyl modes. 

The Si-O-Si stretching modes may be characterized as sym- 
metric and antisymmetric modes (see, for example, Lazarev 
[1972] and further discussion below). These two types of 
modes are found in quite different frequency ranges: the anti- 
symmetric modes typically between 900 and 1 leo cm -l and 
the symmetric modes between 500 and 800 cm -l, depending 
on the degree of polymerization and aluminum-for-silicon 
substitution in the tetrahedra. The Si-O stretching modes usu- 
ally occur at the high frequencies, intermixed with the anti- 
symmetric Si-O-Si modes. 
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To illustrate problems 1 and 2 listed above, consider mus- 
covite (KA12(A1Si30•o)(OH2)), a relatively well studied min- 
eral, and the assignments of the high-frequency bands given 
by F'elde [1978], Farmer [1974b], and Lazarev [1972]. The 
antisymmetric Si-O-Si stretching bands are easily recognized 
at 1000-1100 cm -•. Lazarev [1972, p. 124] assigns the sym- 
metric Si-O-Si vibrations to weak bands at 700-750 cm-•; 
Fedder [1964] places these modes much lower, at 520 cm -•. 
Lazarev [1972] places the Si-O mode in the same range as the 
antisymmetric Si-O-Si bands. However, other bands are 
mixed in with these silicon-oxygen stretching modes. A weak 
band at about 900-950 cm -• (band 5 of F'elde [1978]) may be 
an A1-OH- librational mode, but its existence and inter- 
pretation are both subject to controversy [F'elde, 1978, p. 345]. 
However, OH- librational modes between 800 and 950 cm -• 
appear common to most dioctahedral minerals. In muscovite 
solid solutions with celadonite (K(AB)Si40•o(OH)2, where A 
is Mg and B is Fe [Farmer, 1974b, p. 351]), but not in pure 
muscovite, a band at 833 cm -• is attributed to MgAIOH-; in 
pure muscovite it is replaced at $25 cm -• by the A1-O apical 
(out of plane) vibration. A band at $05 cm -• is attributed to 
tetrahedral A1-O-A1 vibration, and one at 751 cm -• to A1-O-Si 
in-plane vibrations. Bands below 697 cm -• are generally not 
assigned to specific deformations. This extension of the (Si, 
A1)-O stretching modes to relatively low frequencies (•750 
cm -•) and the possibility of their overlap with other modes, in 
this case the A1OH- librational modes (at 900-950 cm-•), 
make difficult the assignment of bands in the region of critical 
interest for specifying cutoffs for the model. Although the ,Ji- 
brational modes do not constitute a sufficiently large fraction 
of the total modes to warrant special treatment in the heat ca- 
pacity model, for example, by a separate Einstein oscillator, 
they can cause errors in the calculations if they are mistakenly 
taken as Si-O stretching modes. 

In this paper, enumeration of the silicon-oxygen stretching 
modes in these minerals is accomplished by using principles 
formulated by Lazarev [1972]. In Lazarev's discussion of the 
vibrations of groups of coupled silicon-oxygen tetrahedra he 
states (p. 61) that 'it is appropriate to classify these, not by ref- 
erence to the "genetical" link with the vibrations of the iso- 
lated tetrahedron (as many authors do), but by reference to 
their preferential association with the vibrations of the Si-O-Si 
bridges and the terminal Si-O- and Si-O-Si bonds.' The 
reader is referred to Lazarev's book for extensive discussion of 

the principles implied in this short quotation and for appli- 
cations to specific minerals. 

Framework silicates represent the one end-member of this 
genetical series in which all or nearly all vibrations are of the 
type Si-O-Si; orthosilicates represent the other end-member, 
in which all or nearly all vibrations are of the type Si-O-. For 
the framework silicates considered in paper 3 it was assumed 
that all vibrations are of the type (Si, A1)-O-(Si, A1), that there 
are as many Si-O-Si bonds per unit cell as there are oxygens 
per unit cell, and that for each Si-O-Si bond there is one sym- 
metric stretch and one antisymmetric stretch. It was assumed 
that the antisymmetric stretch modes were at much higher fre- 
quencies than the symmetric modes (i.e., the antisymmetric 
modes were the isolated modes represented by the Einstein os- 
cillator(s)), and these were enumerated according to the 
scheme given in paper 2. In that paper the symmetric modes 
were included as part of the optic continuum; in the tables at 
the end of this paper and in the discussion of oxygen isotope 
fractionation in paper 5 the symmetric Si-O-Si modes are also 

considered as separately enumerable modes in order to in- 
crease the accuracy of the model. For the orthosilicates con- 
sidered in the previous section it was assumed that all vibra- 
tions of the isolated tetrahedra were Si-O modes and that 

there were four of these modes per tetrahedron in the unit cell. 
The Si-O stretching modes of silicates of intermediate po- 

lymerization are enumerated as follows. 
Layer silicates. For each Si=O5 unit in the primitive cell, 

there are two bonds of the Si-O- type and three bonds of the 
Si-O-Si type. These latter bonds give rise to three symmetric 
and three antisymmetric stretching modes, whereas the former 
give two stretching modes. Note that the number of 'bonds' 
defined equals the number of oxygens in the vibrational unit 
(the Si=O5 complex). For this unit there are therefore eight 
stretching modes. Data presented by Lazarev [1972, pp. 117- 
125] suggest that the Si-O- and the asymmetric Si-O-Si modes 
are grouped together in frequency and are at higher frequency 
than the symmetric stretching modes. Therefore, per Si•_O• 
complex, five modes are assigned to the high-frequency band, 
and three to the lower-frequency band. 

Amphiboles. For each Si•O• unit in the double chains of 
the amphiboles, there are four tetrahedra which have five Si- 
O-Si bonds, two O--Si-O-groups, and two Si-O-groups. The 
five Si-O-Si bonds give rise to five symmetric and five anti- 
symmetric modes, the two O--Si-O- groups give rise to two 
symmetric and two antisymmetric modes, and the two Si-O- 
bonds give rise to two vibrations. Therefore for the Si4Oll 
complex there are 16 modes. It is reasonable to assume from 
Lazarev's data and discussion of the 11 modes associated with 

the antisymmetric Si-O-Si vibrations that the Si-O- vibrations 
and both the symmetric and the antisymmetric O--Si-O- vi- 
brations lie at much higher frequencies than the five modes of 
symmetric Si-O-Si vibrations. 

Pyroxenes. F•r each Si=O6 unit in the single chains there 
are two Si-O-Si bonds and four Si-O- bonds. The Si-O-Si 

bonds give rise to two symmetric and two antisymmetric vi- 
brations, and the four Si-O- bonds give rise to four vibrations, 
a total of eight vibrations per Si206 unit. It is reasonable to as- 
sume that the two antisymmetric Si-O-Si vibrations and the 
four Si-O- vibrations are at higher frequencies than the two 
symmetric Si-O-Si vibrations. 

With this scheme for enumerating the stretching vibrations 
the fraction of the total modes per unit cell associated with the 
various Si-O modes can be specified. The assignment of fre- 
quency ranges to the modes is considered below for the indi- 
vidual minerals. 

Pyroxenes and Amphiboles 

Study of the pyroxenes and amphiboles clinoenstatite, or- 
thoenstatite, diopside, jadeite, and tremolite allows several 
correlations and comparisons of the effect of structure and 
composition on thermodynamic properties: (1) a comparison 
of the single-chain silicate jadeite (NaA1Si20•) with 
its isochemical equivalent framework mineral, albite 
(NaA1Si3Os), shows the effect of structural changes; (2) a com- 
parison of jadeite with diopside (CaMgSi=O•) shows the effect 
of ionic substitution in isostructural minerals; (3) a com- 
parison of the properties of orthoenstatite and clinoenstatite 
(MgSiO•) with each other and with the properties of diopside 
shows the effect of a doubled unit cell size (although the com- 
parison is complicated by the substitution of a calcium ion in 
diopside); and (4) a comparison of diopside with tremolite 
(Ca=Mg•Si802=(OH)=) shows the effect of single-chain struc- 
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ture versus double-chain structure and the effect of the addi- 

tion of a small amount of (OH)-. 
Solid-state substitution of cations into the pyroxene lattice 

and a lack of both far-infrared and Raman spectroscopy on 
many of the end-member compositions give rise to problems 
in interpretation of the far-infrared data similar to the prob- 
lems discussed in section 3 for interpretation of the garnet 
spectra. Numerous weak lines can be found in reported 
spectra. If the lowest lines found in published data were to be 
used, the lowest optic modes for the minerals would be as fol- 
lows (see paper 2, Table 3): jadeire, 138 cm-'; diopside, 75 
cm-'; and orthoenstatite, 140 cm -• (listed erroneously as • 110 
cm -• in Table 3 of paper 2). In high-resolutio n• spectra of ja- 
deire and diopside obtained by the author (paper 2, Figure 1) 
these lowest-frequency bands were not observed, and it seems 
probable that they are weak impurity lines. Both jadeire and 
diopside show a strong line at 152 cm -'. Kovach et al. [1975] 
attribute this line, in diopside, to chain deformations. This 
line is taken as the lowest-frequency optic mode for both sub- 
stances. 

The interpretation of the spectra of orthoenstatite and cli- 
noenstatite is much more difficult. The published infrared 
spectrum [Kovach et aL, 1975, p. 246] and Raman spectrum 
[White, 1975, p. 341] of orthoenstatite show a strong line at 
234 cm -•, a weak line on the shoulder of this strong line at 190 
cm -•, and a moderate strength line at 140 cm -• (listed errone- 
ously in paper 2, Table 3 as 110 cm-'). There are no low-fre- 
quency spectra of clinoenstatite. The Raman spectra of ortho- 
enstatite and pure clinoenstatite are very similar [White, 1975, 
p. 341] from 1000 down to 200 cm -• in spite of some expected 
differences due to the structural differences of the two poly- 
morphs (see Lazarev [1972, p. 102] for a discussion). Therefore 
one possible assumption would be that the distribution of op- 
tic modes is similar in the two substances and that the same 

lower cutoff should be used for each. However, examination 
of available spectra [Kovach et aL, 1975, pp. 243, 245] on pi- 
geonires, which are structurally similar to clinoenstatite, sug- 
gests a different possibility. In pigeonires the lowest-frequency 
infrared mode in the Mg-Fe rich members is at approximately 
200 cm -•. The frequency depends on the Mg/Fe ratio and ex- 
trapolates to 235 cm -• for pure clinoenstatite, which is ap- 
proximately the same frequency as a weak band in the Raman 
spectrum. The spectrum of a calcium rich pigeonire shown by 
Kovach [1975, p. 243] shows a slight inflection at about 150 
cm -•, the position of the strong line in the diopside hedenber- 
gite series associated with chain deformations. Several pos- 
sible interpretations are raised: that the 235-cm -• line ob- 
served in Mg rich pigeonires is the lowest mode in the 
clinoenstatites, that the 140- to 150-cm -• band (presumably 
due to chain deformations) is the lowest mode in both ensta- 
tires, or that the weak 190-cm -• line is the lowest mode in 
both enstatites. Available data do not allow a choice between 

these alternatives, and all three were examined in the models 
below for the enstatites. Only the model with w -- 190 cm -• 
gave results consistent with experimental data, and this value 
was therefore used. A problem clearly remains, however, in 
interpreting and reconciling spectroscopic data with calori- 
metric data. 

[1979a] have recently published heat capacities and a 298øK 
entropy for orthoenstatite. The entropy at 298øK of ortho- 
enstatite is 15.77 cal mole -• øK-l, lower than that of cli- 
noenstatite at 298øK, 16.21 cal mole -l øK-• [Kruœka et al., 
1979a]. Even given the uncertainties of spectral data discussed 
above, it is of interest to see if this difference can be under- 
stood in terms of the elastic and spectral characteristics of the 
two polymorphs. 

The primitive unit cell of clinoenstatite (P2•/c) contains 40 
atoms in a volume of 417.9 x 10 -24 cm 3. The primitive unit 
cell of orthoenstatite (Pcab) is twice as large, 834 x 10 -24 cm 3, 
and contains 80 atoms. The acoustic velocities (obtained on 
orthoenstatite but assumed to be representative of both poly- 
morphs because of their nearly identical densities) are rela- 
tively low (u, -- 4.69, u2 -- 4.86, and u3 -- 7.85 km s-'), giving a 
mean sound speed of 5.27 km s -l and a Debye temperature of 
719øK for both polymorphs. The slow and fast shear and lon- 
gitudinal acoustic branches reach 83, 86, and 139 cm -•, re- 
spectively, at the Brillouin zone boundary of clinoenstatite 
and 66, 68, and 110 cm -• in orthoenstatite. The higher values 
for clinoenstatite are obtained because the Brillouin zone is 

larger than that of orthoenstatite. 
At high frequencies the dominant features of the spectra of 

all pyroxenes are the intense antisymmetric Si-O-Si bands be- 
tween 800 and 1100 cm -• and the intense bands in the range 
650-700 cm -•, characteristic of the symmetric Si-O-Si vibra- 
tions. In the model, 10% of the modes (the antisymmetric Si- 
O-Si modes) were placed at 1000 cm -•, and 10% at 900 cm -•. 
The symmetric Si-O-Si modes constitute 6.7% of the total 
modes and were placed at 700 cm -•. The top of the optic con- 
tinuum was taken as the intense Raman band at 535 cm -l for 

clinoenstatite and 545 cm -• for orthoenstatite [see White, 
1975, p. 341], and the bottom of the optic continuum was 
taken at 190 cm -• for both polymorphs, as discussed above. 

Calculations for clinoenstatite are shown in Figure 4, where 
they are compared with measured data. Data below 300øK 
are from Kelley [1943], and those above 300øK are from Janaf 
[1965a, b, 1966, 1967]. The model agrees well with measured 
data at temperatures below 400øK and overestimates the heat 
capacity by a few percent at higher temperatures. The pecul- 
iar behavior of the calorimetric data above 600øK may be due 
to (1) improper correction of Ce to Cv due to the use of a poor 
approximation to the thermal expansion (see paper 3), (2) an- 
harmonicity, or (3) the onset of the clino-ortho change at 
903øK. 

For orthoenstatite the only differences from clinoenstatite 
were assumed to be (1) the size of the doubled unit cell, the 
number of atoms in it, and therefore the number of degrees of 
freedom associated with the unit cell and (2) a slight differ- 
ence in the frequency of the top of the optic continuum. 
Acoustic modes constitute only three of the degrees of free- 
dom, and the relative fraction changes from 3/120 for cli- 
noenstatite to 3/240 for orthoenstatite. Because of the reduced 

Brillouin zone these modes are also reduced to lower frequen- 
cies. The net result of these two small changes is a lower heat 
capacity and 298øK entropy for orthoenstatite: Cv* = 3.88 cal 
mole -• øK-', and S* = 3.17 cal mole -! øK-!. The calculated 
entropy difference between clinoenstatite and orthoenstatite 

Orthoen•tatite and clinoenstatite. According to Janaf at 298.15øK is S* -- 0.12 cal mole -• øK-', or S = 0.60 cal 
[1965a, b, 1966, 1967] the stable phase of enstatite below mole -• øK-', slightly higher than the0.44calmole -• øK-' in- 
903øK is clinoenstatite, which inverts to orthoenstatite at ferred from calorimetry. However, the near agreement of the 
903øK and to protoenstatite above 1258øK. Kelley [1943] pub- values based on these considerations suggests that small 
lished calorimetric data on clinoenstatite; Kruœka et al. changes in vibrational mode frequencies due to the poly- 
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morphic structural differences can account for the entropy dif- 
ferences observed. 

Diopside. Diopside (CaMgSi206) is monoctinic (C2/c). 
Therefore the volume of the primitive unit cell is half the vol- 
ume of the crystallographic cell: V,• = 219.5 x 10 -24 cm 3. The 
primitive cell contains two formula units, 20 atoms, and there- 
fore has 60 degrees of freedom. The acoustic velocities used 
are ul -- 4.21, u2 -- 4.58, and u3 -- 7.70 km s -l, giving a mean 
sound speed of 4.87 km s -l and an elastic Debye temperature 
of 654øK, substantially lower than the elastic Debye temper- 
ature of 719øK for enstatite. The three acoustic branches 

reach 92, 10t, and 169 cm -l at the Brillouin zone boundary. 
From the infrared and Raman data available for diopside 

(summarized in paper 2, Table 3) the antisymmetric Si-O-Si 
stretching modes were represented in the model by one Ein- 
stein oscillator containing 10% of the modes at 900 cm -l and 
one containing 10% of the modes at 1000 cm -l. An additional 
Einstein oscillator containing 6.7% of the modes was placed at 
650 cm -l to represent the symmetric Si-O-Si modes; the mode 
appears to be at a lower frequency in diopside than in cti- 
noenstatite. The frequency of the lowest well-documented op- 
tical mode for diopside is 150 cm -•. The assumed dispersion 
drops the frequency of the mode to 127 cm -l at the Brillouin 
zone center. (Two low-frequency modes reported by Omori 
[1971b] at 75 and 140 cm -l were not reproduced in spectra ob- 
tained by Kieffer [1979b]. The 75-cm -• mode may have been a 
water vapor mode. The mode at 140 cm -l was very weak 
[Omori, 1971b, p. 1608]; use of this value (reduced to 118 cm -l 
by dispersion) in the model changes the heat capacity near 
100øK by a few percent but has less than a 1% effect on the 
value of C•* at 298øK.) 

The model heat capacities are shown in Figure 4, where 
they are compared with the data of King [1957]. At all temper- 
atures the model values match experimental values reason- 
ably well; for example, at 298øK the model value of Cv* is 
3.95 cat mote -l øK-l; the value from calorimetric data is 3.95 
cat mote -l øK-l. The model S298' is 3.49 cat mote -l øK-• (in- 
ctuding a 1% anharmonic term); the experimental value is 3.42 
cat mote -l øK-l (based on data above 50øK). The heat capac- 
ity is dominated by acoustic branches below 45øK and by op- 
tic branches above that temperature. The Si-O stretching 
modes make a significant contribution to Cv* only above 
298øK. 

Jadeite. The study ofjadeite (NaAtSi206) is of interest for 
comparison with atbite as an isochemicat but structurally dif- 
ferent material and with diopside as a structurally similar but 
chemically different substance. For comparison, measured 
Cv* values at 298.15øK are as follows: jadeitc, 3.83; atbite, 
3.76; and diopside, 3.98 cat mote -• øK-l. 

There are 20 atoms in the primitive unit cell (C2/c) of vol- 
ume 202.5 x 10 -24 cm 3 and thus 60 degrees of freedom. Three 
of these are acoustic modes. Acoustic velocities taken from 

oVl•.v -- 8.19, vVl•.s -- 4.75 km s -l [Horai and Simmons, 1970] 
and the assumption that u2/vVl•.s -- 1.05 (as for diopside) are 
ul -- 4.57 and u2 -- 4.96 km s -l. These give a mean sound 
speed of 5.26 km s -l and an elastic Debye .temperature of 
724øK (compared with 0c• -- 472øK for atbite and 654øK for 
diopside). Note that the heat capacity relationships given 
above cannot be explained by the relative Debye temper- 
atures. The three acoustic branches terminate at 103, 112, and 
t 85 cm -l at the Brillouin zone boundary. 

Infrared spectral data, but not Raman data, are available 
for jadeite. The bottom of the optical continuum was taken as 

152 cm -• (nearly the same frequency as the lowest observed 
value for diopside and much higher than the lowest observed 
mode for atbite (83 cm-l)). A weak mode at 138 cm -l (paper 
2, Figure l d) was ignored as a probable impurity mode. The 
mode at 152 cm -l is reduced by dispersion (with ml -- 23 and 
m2 -- 16) to 117 cm -l at the Brillouin zone boundary. The top 
of the optic continuum was taken as the weak IR band at 615 
cm -l. The symmetric Si-O-Si stretching frequencies were 
taken as 6.7% of the total modes and placed at 730 cm -l 
[Lazarev, 1972, p. 103]. These modes probably span a range of 
frequencies from 670 to 750 cm -l, but no mode assignments 
have been made for jadeite. The antisymmetric stretching 
modes were represented by 10% of the modes at t000 cm -l 
and 10% at 900 cm-l. 

The results of the model are shown in Figure 4, where they 
are compared with the experimental data of Kelley et al. 
[1953]. The agreement is good except at very low temper- 
atures. The model value of Cg* at 298øK is 3.81 cat mote -l 
øK-l; the value obtained from experimental data is 3.80 cat 
mote -l øK-l [Robie et al., 1978, p. 391]. The model value of 
S29•* is 3.30 cat mote -l øK-l; the experimental value is 3.19 
cat mote -l øK-l. Acoustic and optic modes contribute about 
equally to the heat capacity at 40øK. Above this temperature 
the optic modes dominate the behavior of Cg*. 

The main differences in Cg* between jadeite and diopside 
occur at low temperatures. For example, at 53.8øK the Cg* 
(measured) of diopside is 13% greater than the Cv of jadeite; 
at 298øK it is 4% greater. The model predicts a similar rela- 
tionship and shows that the acoustic mode contributions at 
low temperatures are nearly identical for the two minerals and 
that the difference in Cg* is caused by the contribution of the 
relatively lower frequency optic modes in diopside. These 
modes are cation-oxygen deformations, and it is consistent 
with the heavier mass of calcium relative to sodium that these 

modes occur at lower frequencies in diopside and thus con- 
tribute to a higher low-temperature heat capacity. 

The complex relations between the heat capacities of ja- 
deite and atbite are also explicable in terms of the spectral 
and, ultimately, structural differences. First, a correction must 
be made to the model values reported in paper 3: these were 
erroneously based on a unit cell content of four formula units 
of NaAtSi3Os, whereas the primitive unit cell should contain 
only two formula units. The model parameters and values of 
C•* and $* are given in Tables 1 and 3. As was mentioned in 
paper 3, the number of atoms in the unit cell determines the 
fraction which are acoustic modes (3/3s, where s is the num- 
ber of atoms per unit cell) and hence affects both the acoustic 
and the optic contribution to the thermodynamic properties. 

Returning now to the comparison of jadeite with atbite, we 
can see that the reason that atbite has nearly twice the heat ca- 
pacity per atomic weight (Cv*) as jadeite at low temperatures 
(<100øK) is that the optic modes of atbite extend to much 
lower frequencies (83 versus 152 cm -• at K -- 0; 63 versus 117 
cm -l at Kmax). However, as the temperature rises toward room 
temperature, the effect of modes in the middle part of the 
spectrum becomes felt. There are more modes at frequencies 
between 200 and 500 cm -l for jadeite than for atbite and 
therefore a larger contribution to the heat capacity. Hence at 
298øK the heat capacity per atomic mass of jadeite is greater 
than that of atbite. Because the spectra of the two minerals do 
not differ much at high frequencies, the heat capacities are 
similar above room temperature. 

The lower frequencies of the Na-O vibrations in atbite in 
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comparison with jadeite may be attributable to longer, and 
therefore weaker, Na-O bonds: six of the Na-O bonds in al- 
bite are in the range 2.38-2.86 J,, and two others are 3.12 and 
3.45 J,, whereas the Na-O bonds in jadeite are all between 
2.357 and 2.741 J, [Wyckoff, 1968, p. 297]. 

The above comparisons of diopside, jadeite, and albite sug- 
gest that structural changes cause larger heat capacity varia- 
tions than chemical (ionic substitution) changes. 

Trernolite. The crystallographic structures of tremolite 
(Ca2MgsSi8022(OH)2) and diopside are identical when pro- 
jected on (010) [Bragg et al., 1965, p. 236]. The difference be- 
tween the structures is in the arrangement of the atoms in the 
b direction: in tremolite the silicon-oxygen chains are doubled 
across a plane perpendicular to the a direction. Tremolite be- 
longs to the monoclinic C2/rn space group and therefore has 
one formula unit (41 atoms) in the primitive unit cell of vol- 
ume 453.15 x 10 -2n cm 3 and has 123 degrees of freedom per 
unit cell. 

Three of these degrees of freedom are acoustic. The acous- 
tic velocities of tremolite were taken as u• -- u• -- 3.70 km s -• 
and u3 -- 6.17 km s -• [Woeber et aL, 1963]. Because of the lack 
of acoustic data and structural analogues for which acoustic 
anisotropies are known, shear anisotropy was not included in 
the model. The mean sound speed is 4.09 km s -•, and the elas- 
tic Debye temperature is 547øK, substantially lower than the 
value for diopside. The acoustic velocities and unit cell pa- 
rameters give acoustic shear branches which truncate at 64 
cm -• and a longitudinal branch at 106 cm -• at the Brillouin 
zone boundary. 

Optical data on tremolite are sparse (a listing of modes by 
Liese [1975, p. 218] and a partial listing and discussion by 
Lazarev [1972, p. 112]). The vibrations associated with the 
Si40•l ribbon occur in two regions of the spectrum: a high-fre- 
quency band from 900 to 1100 cm -• and a low-frequency 
band from 645 to 758 cm -l. The antisymmetric Si-O-Si 
stretching band was subdivided into two parts: an Einstein os- 
cillator at 1050 cm -l containing 8.9% of the modes and one at 
950 cm -l containing 8.9%; 8.1% of the modes were placed at 
700 cm -l. The O-H stretching modes were taken as con- 
stituting 1.6% of the total modes and placed at 3677 cm -l. Un- 
der the assumption that the remainder of the vibrational spec- 
trum is similar to that of diopside the low-frequency cutoff of 
the optic continuum was taken as 150 cm -l in the model (re- 
duced by dispersion to 127 cm -l at the Brillouin zone bound- 
ary). The high-frequency cutoff of the optic continuum was 
taken at 545 cm -l. 

The model values of Cv* are given in Figure 4, where they 
are compared with the experimental values of Robie and Stout 
[1963] from 12 ø to 305øK. There is a slight difference between 
the model and experimental values below 50øK, where the ex- 
perimental values show an unusual behavior (see the 0•a•(T) 
values in Figure 4b), but in general, the agreement is good. 
The model value of Cv* at 298øK is 3.87 cal mole -l øK-l; the 
experimental value is 3.81 cal mole -l øK-l. The model value 
of S298' is 3.38 cal mole -l øK-l; the experimental value is 3.20 
cal mole -l øK-•. 

The effect of the OH- stretching modes on the thermody- 
namic properties of tremolite, talc, and muscovite is best seen 
in the calorimetric Debye temperature curves in Figure 4b. 
Although these modes constitute only a few percent of the to- 
tal modes, they cause 0½a•(T) to rise to very high temperatures, 
because the O-H stretching modes are at very high frequen- 
cies. As was demonstrated in paper 1 (equation (39)), the lim- 

iting value of 0•a•(7) obtained at high temperatures, designated 
as 0½a•(OO), depends on both the frequency of the Einstein 
mode and the fraction of oscillators associated with it. For 

most minerals, however, dehydration may take place at tem- 
peratures below those at which the OH- stretching modes 
contribute significantly to the heat capacity. 

Sheet Silicates 

Muscovite. Muscovite (KAI2(AISi3)Oio(OH)2) is a 2:1 
dioctahedral silicate [Farmer, 1974b, p. 332] in which hexago- 
nal silicate anions are linked together by cations in octahedral 
coordination, giving a structural unit resembling a sandwich. 
These units are weakly linked together by interlayer cations. 
The crystallographic unit cell of muscovite is monoclinic C2/ 
c; therefore the primitive unit cell is half of the volume of the 
crystallographic unit cell (V,• -- 466.65 x 10 -2n cm3), and there 
are 42 atoms per unit cell, giving 126 degrees of freedom per 
unit cell. 

The acoustic properties of muscovite are highly anisotropic 
[Alexandrov and Ryzhova, 1961]; for example, shear velocities 
vary from 2 to 5 km s -l, and longitudinal velocities vary from 
4.5 to 8 km s -l. The VRH shear velocity is 3.53 km s -l, and 
the VRH longitudinal velocity is 5.78 km s -l [Simmons and 
Wang, 1971, 52640]. The directionally averaged shear veloci- 
ties used in the model are Ul -- 3.21 and u2 = 4.02 km s -l. The 
mean sound speed is /9 m = 3.90 km s -l, and the elastic Debye 
temperature is 520øK. 

The lattice vibrations of layer silicates can approximately 
be separated into the vibrations of the hydroxyl groups, the 
silicate anions, the octahedral cations, and the interlayer cat- 
ions [Farmer, 1974b, p. 331]. Three groups of vibrations are 
quite well separated in frequency. The O-H stretching vibra- 
tions are in the region 3400-3750 cm -l, the Si-O stretching vi- 
brations are in the range 690-1200 cm -l, and the interlayer 
cation vibrations are between •100 and 150 cm -l. The re- 

maining vibrations are less well isolated, but their general 
classification is still useful: OH librational vibrations lie in the 

region 600-950 cm -• (overlapping the (Si, AI)-O stretching 
frequencies), and the Si-O bending vibrations lie between 150 
and 600 cm -l. These latter vibrations are strongly coupled 
with vibrations of the octahedral cations and with the trans- 

latory vibrations of the hydroxyl groups [Farmer, 1974b, p. 
3311. 

The lowest optical mode of muscovite was taken at 108 
cm -l (reduced to 91 cm -l by dispersion across the Brillouin 
zone). This is the wave number of the in-plane vibration of 
K + [Farmer, 1974b, p. 351]. As was discussed in section 1, the 
choice of the top of the optic continuum is complicated by the 
overlap of a number of modes. I chose 620 cm -l as the top of 
the optic continuum, assigning higher modes to two classes of 
Si-O vibrations: 15.9% at 1000 cm -l for the averaged fre- 
quency of the high-frequency (Si, AI)-O-Si modes which ex- 
tend from 900 to 1100 cm -l and 9.5% at 800 cm -l to represent 
the lower-frequency symmetric stretching modes. The OH 
stretching modes were represented by an Einstein oscillator at 
3633 cm -l containing 3.2% of the modes. 

The results of the model are shown in Figure 4, where they 
are compared with the calorimetric data of Robie et al. [1976] 
from 15 ø to 375øK. The excellent agreement of the model 
with the data even to very low temperatures suggests that the 
model spectrum is a reasonable approximation to the real lat- 
tice vibrational spectrum and, in particular, that there are not 
a significant number of lattice modes below the value of 91 
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cm -l used in the model. The model value of C•* at 298øK is 
3.68 cal mole -l øK-l; the experimental value is 3.70 cal 
mole -l øK-l. The model value of S298' is 3.31 cal mole -l 
øK-l; the experimental value is 3.27 cal mole -l øK-l. A con- 
figurational entropy Sci* of 0.223 cal mole -l øK-l should be 
added to the measured or calculated harmonic and anhar- 

monic contributions of the real (disordered) muscovite [Ul- 
brich and Waldbaum, 1976, p. 10; Robie et al., 1976, p. 643]. At 
30øK, optic modes contribute 50% of the heat capacity. The 
contribution of Si-O stretching modes is significant by room 
temperature, but the O-H stretching modes do not contribute 
to C•* appreciably over the range of temperatures considered. 

Talc. Talc (Mg3(SinOlo)(OH)2) is a trioctahedral 2'1 layer 
silicate [Farmer, 1974b, p. 332]. The sandwich units formed by 
the silicate anions are weakly linked by van der Waals forces. 
Talc is monoclinic with space group C2/c; therefore the 
primitive unit cell contains half the contents of the crystal- 
lographic unit cell: 42 atoms in a volume V,• = 452 x 10 -24 
cm 3 . 

Although acoustic and spectral data on talc are limited, I 
attempted a model for comparison with muscovite, tremolite, 
and enstatite because excellent low-temperature calorimetric 
data have been published [Robie and Stout, 1963]. Only a few 
of the directional acoustic velocities of talc have been mea- 

sured [Alexandrov and Ryzhova, 1961]. The published veloci- 
ties are similar to the values for muscovite, and because VRH 
average values for talc have not been calculated, the mus- 
covite values were used for this study. These velocities give a 
mean sound speed of 3.90 km s -l and, in conjunction with the 
unit cell parameters and density of talc, give an elastic Debye 
temperature of 525øK. 

Spectral data on talc are also limited, and interpretations of 
mode frequencies found in the literature are somewhat con- 
fusing. The lowest observed spectral bands are at 160-190 
cm -l [Ishii et al., 1967]. However, predicted values (based on 
simple force constant models) are as low as 80 cm -l. The ob- 
served value of 170 cm -l was used as the lower cutoff of the 

optic continuum in the model; it is lowered to 132 cm -l by 
dispersion across the Brillouin zone. The upper limit of the 
optic continuum was taken to be 620 cm -l, the same value as 
for muscovite; this band does not appear in the infrared spec- 
trum shown by Farmer [1974b, p. 344] but is given as the cal- 
culated frequency of the al 2 mode of an ideal hexagonal 
(Si2Os)n layer. The Si-O stretching modes were represented by 
15.9% of the modes at 1000 cm -l and 9.5% at 800 cm -l. 

Model values of C•* are given in Figure 4, where they are 
compared with the experimental values of Robie and Stout 
[1963] from 12 ø to 305øK. Given the uncertainties in the data, 
the agreement is surprisingly good. The model value of C•* at 
298øK is 3.61 cal mole -l øK-l; the experimental value is 3.65 
cal mole -l øK-l. The model value of S298' is 2.99 cal mole -l 
øK-l; the experimental value is 2.97 cal mole 

A comparison of the talc and muscovite heat capacities and 
spectra shows that the higher heat capacity of muscovite arises 
from the lower-frequency cation-oxygen modes in the vicinity 
of 100 cm -l. 

5. MODEL VALUES OF THE TEMPERATURE DEPENDENCE 

OF C•/* AND $* FOR 32 MINERALS 

This model provides an internally consistent method for 
calculation of the thermodynamic functions of a mineral from 
elastic, crystallographic, and spectroscopic data. It should be 

particularly useful for examining these functions in temper- 
ature ranges where experimental data have not been obtained 
(e.g., T < 54øK for many minerals) and at temperatures where 
minerals are unstable (such as above 300øK for stishovite and 
coesite). The harmonic contributions to the heat capacity at 
constant volume, Cv*, the internal energy E*, the Helmholz 
energy F*, and the entropy $* can be easily calculated from 
the expressions given in Tables 1 and 2 of paper 1. The values 
of Cv* and $* at three temperatures are given in Table 3. In a 
few cases the model parameters have been changed from 
those used in paper 3 where new data or interpretations have 
become available (for example, I have now consistently at- 
tempted to define the Si-O stretching modes more precisely 
than in paper 3, because these modes make large contribu- 
tions to the zero-point energy and are important in the iso- 
topic fractionation calculation discussed in paper 5). The pa- 
rameters used for the tabulated values are given in Table 1. 
The model values are compared with experimental values ob- 
tained from Robie et al. [1978] except where noted. 

In order to compare the calculated C•* with the experimen- 
tally measured quantity C•,* an anharmonic correction must 
be added; the method used for this is described in Appendix 
B. At the high temperatures 700 ø and 1000øK this contribu- 
tion is significant. It is not well determined, because the ther- 
mal expansion of many minerals is poorly known. Therefore 
differences of 5% between the model values and the experi- 
mental values at high temperatures may reflect uncertainties 
in this term rather than differences caused by spectral proper- 
ties. 

6. SUMMARY AND COMMENTS ON THE ACCURACY 

OF THE MODEL 

With this paper the calculation of thermodynamic proper- 
ties for minerals is completed; 32 minerals have been exam- 
ined, and the thermodynamic functions have been calculated 
from elastic, crystallographic, and spectroscopic data alone. 
The purpose has been to demonstrate that the functions can 
indeed be predicted to an accuracy sufficient to allow prob- 
lems of geologic and geophysical interest to be solved. The ac- 
curacy of the model for a given mineral depends on (1) the de- 
gree to which the real lattice vibrational spectrum is 
approximated by the simple model spectrum and (2) the 
quantity and quality of acoustic and spectral data available. 
As was discussed in section 6 of paper 3, the model has differ- 
ent accuracies in different temperature ranges: for C•*, typi- 
cally +30-50% below 50øK, +5% at 298øK, and +_1% at 
700øK. In order to give the reader an idea of the overall accu- 
racy which might be expected, I have compared the model en- 
tropies at 298.15øK with calorimetrically determined en- 
tropies of the minerals. Entropy was chosen for comparison of 
measured and calculated values because it is the thermody- 
namic quantity most sensitive to the assumed frequency distri- 
bution (other than the very low temperature heat capacity). 
The reason for the sensitivity is shown in Figure 5. Because 
the entropy S* is the integrated value of C•,*/T, it is domi- 
nated by the contributions of the low-frequency modes, and 
because the model is weakest in its representation of the low- 
frequency part of the optic continuum, the entropy reflects, in 
effect, the weakest aspects of the model. Note from Figure 5 
that the heat capacity below about 50øK does not strongly af- 
fect the entropy at 298øK, so that the large uncertainties in the 
heat capacity at very low temperatures do not strongly affect 
the entropy at 298øK. 
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Fig. 5. Cp*/T versus T for quartz, albite, and jadeite. The third- 
law entropies are simply the areas under the curves. The temperatures 
at which optical modes contribute more than 50% of the heat capacity 
are shown with orthogonal arrows, and it can be seen that the entropy 
at high temperatures is dominated by the contributions of the optic 
modes. It can also be seen that only a small fraction of the 298øK en- 
tropy arises below 50øK and that the behavior of Cp*/T in the range 
100ø-200øK determines a large part of the 298øK entropy. 

The comparison of model and experimental entropies is 
given in Table 3. Minerals for which low-temperature catori- 
roetry is available and for which there is little question that 
the data represent the harmonic heat capacity without compli- 
cations due to magnetic or electronic contributions, phase 
changes, or metastability of phases are shown in boldface. 
Openshaw [1974, p. 143] has demonstrated that significant er- 
rors in S298.15 may exist if entropies are calculated from heat 
capacity data which extend only down to 54øK--errors of the 
order of 1-1.5 cat mote -l øK-l in the molar entropy, that is, a 
few percent. Therefore for the comparison of model values of 
S298 with measured values, only well-determined values are 
used. For the 14 minerals indicated, the average value of the 
absolute values of the deviations of the model from the mea- 

sured values is 1.5%. 

For most of the minerals for which the deviation of the 

model from the experimental values is large (including those 
for which experimental data go only to 50øK) an explanation 
for the discrepancy can be proposed as follows: 

Brucite. The acoustic velocities used in the model were es- 

timated from shock wave data (see paper 3) and are therefore 
quite uncertain. The acoustic modes calculated from these ve- 
locities contribute more heat capacity at 50øK (Cv* -- 0.346 
cal mote -• øK-l) than the total measured heat capacity at that 
temperatu re (Cv* -- 0.232 cat mote -l øK-l). Therefore the 
acoustic velocities used are probably in error (under- 
estimated). 

Silica glass, coesite. Plausible spectral models bracket the 
measured thermodynamic properties. In the case of glass, va- 
lidity of the application of the model itself may be questioned, 
as was discussed in paper 3; in the case of coesite, Raman data 
and spectral interpretations are needed. 

Stishovite. The model greatly overestimates the low-tem- 
perature heat capacity and therefore the 298øK entropy. The 
cause of the discrepancy cannot be given. Calorimetric data 
and spectral data both present problems, as discussed in pa- 
pers 2 and 3, but none of the problems discussed would re- 
solve this discrepancy. A critical examination of the relations 
between the structure of stishovite and its spectral and calori- 
metric data should be considered. 

Trernolite. The model was based on very little spectral 
data and use of an analogy to diopside. Far-infrared and Ra- 
man data are needed. 

In conclusion, the proposed model is much more accurate 
than the Debye model for calculation of the thermodynamic 
functions and provides a way to estimate or extrapolate these 
functions with sufficient accuracy to allow problems of geo- 
logic interest to be addressed. A method for using the model 
to supplement partial calorimetric data is given in Appendix 
A. 

APPENDIX A: A METHOD FOR COMBINING THE MODEL 
WITH CALORIMETRIC DATA 

The model demonstrates that the heat capacities of miner- 
als are very sensitive to the distribution of optic modes at low 
frequencies. This limits the accuracy obtainable from the 
model, because even when both infrared and Raman spectral 
data are available, the spatially averaged distribution of fre- 
quencies is not known. Because no adequate models exist for 
extrapolating the behavior of the modes at K -- 0 across the 
Brillouin zone to K -- Kma,,, the parameter w• is not well de- 
fined from existing data. A marked improvement can be made 
in the overall accuracy of the calculations of the calorimetric 
functions if the parameter w• is obtained by fitting to mea- 
sured calorimetric data in the range 50ø-300øK. With such a 
procedure, illustrated below, accurate extrapolation of exist- 
ing data to low temperatures should be possible. The fre- 
quency w• so obtained then becomes a parameter rather than 
the Brillouin zone boundary frequency defined in the previous 
papers of this series. The parameter thus obtained may be 
more meaningful as a directionally averaged mode frequency 
than is the parameter obtained from spectroscopic data at K = 
0 and extrapolated from K = 0 to K -- Kma,, across the Bril- 
louin zone by the simple scheme adopted in these papers. 

In order to choose the temperature at which the heat ca- 
pacities are most sensitive to the parameter w•, and thereby to 
select the best temperatures for fitting this parameter, consider 
Figure 5. At very low temperatures (below 15 ø-75 o K, depend- 
ing on the mineral considered) the thermodynamic functions 
depend primarily on the acoustic modes and therefore are rel- 
atively independent of wt. At higher temperatures (above ap- 
proximately 200øK) the thermodynamic functions are too in- 
sensitive to details of the optic continuum to provide a 
sensitive measure of w•, because the low-frequency modes are 
saturated and contribute uniformly to the thermodynamic 
functions. In the range 50ø-200øK the thermodynamic func- 
tions are most sensitive to the low-frequency distribution of 
optic modes. Study of Figure 5 suggests that fitting at about 
t00øK will optimize prediction of the entropy, because the 
largest contribution per unit temperature change occurs in this 
range; experience with the model has shown that this is a bet- 
ter temperature to use than the lowest temperature, 54øK, at 
which calorimetric data have often been obtained. 

The procedure for obtaining w• will now be described for 
tremotite, a mineral for which so few spectral data were avail- 
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TABLE BI. Values of Parameters in C•,* - Cv* Correction 

c9Bo/c9T, d 
Vo? Co, b el,b e2, Mbar 
cm • OK-, OK-2 OK-• Bo, c OK-' 

Mineral mole -l X 106 X 106 X 1012 Mbar x 10 3 

Simple Minerals 
Halite 27.018 69.792 0.144 0.240 
Periclase 11.250 25.884 0.021 1.631 -0.210 
Brucite 24.640 19.288 • 0.013 0.710 
Corundum 25.570 11.522 0.021 2.537 -0.230 

Spinel 39.720 18.485 0.013 -2.34 1.930 -0.210 

Framework Minerals 

a-Quartz 22.700 -32.176 r 0.173 0.377 
a-Cristobalite 25.740 71.814 s 0.076 0.374 

61.447 n -0.063 0.374 
Coesite 20.640 5.770 0.008 1.139 

Silica glass 27.270 1.620 0.372 
Stishovite 14.016 20.250 • 0.009 -0.500 3.333 
Rutile 18.800 20.250 0.009 -0.500 2.130 
Albite 100.210 12.955 0.019 0.576 
Microcline 108.690 1.094 0.021 0.547 
Anorthite 100.210 7.638 0.010 0.495 

Sheet and Chain Minerals 
Talc 136.700 19.288 • 0.013 0.468 
Muscovite 140.550 19.288 • 0.013 0.475 
Tremolite 272.950 19.288 • 0.013 0.587 
Enstatite 31.470 22.031 0.010 0.996 
Jadeite 60.980 13.319 0.023 1.214 

Diopside 66.100 21.031 0.010 1.094 

Orthosilicates 
Forsterite 43.798 17.969 0.026 1.345 
Zircon 39.270 6.252 0.011 2.059 

Pyrope 113.290 15.439 0.014 1.647 
Grossular 125.320 14.288 0.013 1.692 

Spessartine 118.160 9.166 0.024 1.711 
Almandine 115.280 10.303 0.019 1.792 
Andradite '131.670 18.031 0.010 1.473 
Kyanite 44.110 6.559 0.024 2.645 
Andalusite 51.540 7.893 0.035 1.731 
Sillimanite 49.910 4.061 0.021 1.835 
Calcite 36.940 4.285 0.030 0.777 

-0.210 

-0.220 

-0.230 

Where there is no entry, the value is assumed to be zero. 
aAll molar volumes are from Robie et al. [1966, Table 5-2]. 
b The volume thermal expansion coefficients eo and el were obtained from least squares fit of three data 

points from Skinner [1966] except for periclase and calcite, for which data from Touloukian and Ho 
[1977] were used. For minerals for which data were not available, estimates from analogues were used, as 
indicated in these footnotes. 

½Values of the bulk modulus were calculated from values of vs and Vp given in these papers, e listed in 
this table, and p and Cp from the tables for equations (1), (4), (5), (10), and (13) of O. L. Anderson et al. 
[1968]. The calculations were done by J. M. Delany. 

aValues of the bulk modulus derivative with respect to temperature were obtained from O. L. Anderson 
et al. [ 1968]. 

•Hornblende values are us•qd for Co, e•, and 
fThis value was used only for an estimate of the anharmonic terms. Tabulated values of Cv from Lord 

and Morrow [1957] were used in the paper. 
gT < 491øK. 

aT> 491øK. 
Values for rutile were used. 

able that the model discussed in the text was based on data 

from diopside. Assume first that the measured C•,* at 100øK 
of 1.144 cal mole -• øK-• is equal to Cv*. First calculate the 
contribution of the acoustic modes at this temperature. For 
the primitive unit cell of tremolite there are 123 degrees of 
freedom, three of which are acoustic. Using Table 1 of paper 
3, we find that these modes contribute 0.1332 cal mole -• øK-• 
at 100øK. (As a first approximation these modes are nearly 
saturated at 100øK.) There are four Einstein oscillators in the 
model: one at 1050 cm -• containing 8.9% of the modes, one at 

950 cm -l containing 8.9% of the modes, one at 700 cm -l con- 
taining 8.1% of the modes, and one at 3677 cm -• containing 
1.6% of the modes. At 100øK these four Einstein oscillators 

contribute 0.0022 cal mole -l øK-l to the heat capacity (i.e., 
approximately zero). Therefore 1.144 - 0.1332 - 0.0022 -- 
1.0086 cal mole -l øK-l is to be contributed by the optic con- 
tinuum. This continuum contains (1 - 1/s- ql - q2 - q3 - qn) 
- 0.7006 of the modes. The upper cutoff frequency of the 
continuum is taken as 545 cm -l, so that xu (the non- 
dimensionalized frequency defined in paper 3) is 545 x 1.44/ 
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100 --- 7.848. We therefore seek, from Table 2 of paper 3, the 
value of x• that gives 

1.0086 = 3NAk(1 - 1/s- ql - q2 - q3 - q4).• 

of temperatures considered. Therefore to a good approxima- 
tion, 

or 

7.848 

x• 
-- 0.2415 

} fo fo xu r• Ve2B dT • 
xt 

The value is x•-- 2.1, for which w•-- 146 cm -l. This represents 
the lowest limit of the optic continuum and is to be compared 
with the zone boundary frequency calculated by the dis- 
persion relation discussed in the text. For tremolite this value 
was 127 cm -l, obtained from the K -- 0 mode frequency of 
150 cm -l. The new value of 146 cm -l would correspond to a 
zone center frequency of 172 cm -l if the same behavior were 
assumed. 

The heat capacity C•,* at 298øK with this model is 3.83 cal 
mole -l øK-l; the entropy S* is 3.22 cal mole -l øK-l. The er- 
ror in the calculated entropy at 298øK has decreased from 5.6 
to 0.6%. 

APPENDIX B: ESTIMATE OF THE Ce* - C•.* 
CORRECTION AND THE ANHARMONIC ENTROPY 

The correction from Cv* to Ce* is given by 

Ce* - C•,* = TVe2B 

where T is the temperature, V is the molar volume 

V = Vo + (OV/OT)AT 

e is the thermal expansion 

e = eo + el T + e2T 2 + %T 3 + -.. 

and B is the bulk modulus 

B = Bo + (OB/OT)AT 

In these equations, Vo, eo, and Bo are the parameters at a refer- 
ence temperature, and AT is the difference between the tem- 
perature of the calculation and the reference temperature. For 
V and B the reference temperature is 298øK; for e it is 0øK, 
because the coefficients eo, el, and e: were obtained by least 
squares fitting of three or more data points with respect to ab- 
solute temperature (see Table B 1). As can be seen from Table 
3, at 298øK the Ce* - Cg* correction is of the order of 1%, the 
largest correction being for halite, 5%. 

The entropy is obtained by integration: 

SO = (CpO/T) dT= (C•,*/T) dT + Ve2B dT 

where $orf (Cr*/T) dT is referred to in this paper as the 'total 
entropy,' $orf (Cg*/T) dT is referred to as the 'harmonic en- 
tropy,' and $or• Verb dT is referred to as the 'anharmonic en- 
tropy.' If V, e, and B were independent of temperature, then 
the anharmonic entropy would be given by TVe2B; that is, it 
would be the same as the heat capacity correction. Because V, 
B, and e are functions of temperature, as given above, this in- 
tegral should be evaluated by proper integration of the prod- 
ucts of the temperature-dependent functions. For all practical 
purposes, V and B are independent of temperature, because 
OB/OT and 0 V/OT provide very small changes over the range 

VoBo(eo 2 + 2eoelT+ el2T 2 + '") dT 

(where the terms containing e2 are dropped from the explicit 
notation, because this coefficient was generally assumed to be 
zero). When integrated, the second and third terms contribute 
about a 25% correction to the first term at 300øK and approxi- 
mately double the contribution of the first term at 1000øK (as- 
suming that eo = 20 x 10 -6 and el = 2 x 10-8). Because the 
estimate of e(T) is relatively simplistic and because the anhar- 
monic contribution to S* is of the order of 1% at 300øK, I 
have used the approximation S•* • TVeeB in Table 3. The 
reader is cautioned that if an estimate of total entropy at 
300øK is required to be accurate to within 1-3% or if an esti- 
mate of the total entropy at higher temperatures is required, 
the anharmonic contribution should be calculated carefully 
with a good model for e(T); the values given in Table 3 for 
this correction are probably minimum values of S•n*. 

APPENDIX C: CORRECTIONS TO PAPERS 1-3 

Paper 1 

In Table 1, in the expressions for the Helmholtz free energy 
F the term 3nNAfi should be preceded by a minus sign. 

Equation (15) should read 

Cr,= 12•rn nN.•k{•} 3 5 

Paper 2 

In Table 3 the lowest optic mode for enstatite should be 
-110 instead of 140 cm -l. 

Paper 3 

In Table 5, for spinel, q = 0.19, as in Figure 2. 
Model values for albite were based erroneously on a unit 

cell content of four formula units instead of two (see paper 3, 
p. 55). See the discussion in section 4 of this paper, in the sub- 
section on jadeite. 

The value of w•K = 0) for spinel (Tables 4 and 5 and p. 49) 
has been changed from 225 to 311 cm -l, based on a teevalua- 
tion of the data (see paper 4, Table 1). 

NOTATION 

The reader is referred to the notation lists at the ends of pa- 
pers 1-3. Additional symbols used in this paper are as follows. 

e thermal expansion. 
eo, el, e2, -.. coefficients in polynomial series of thermal ex- 

pansion. 
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